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1. In order that a Riemannian space V, with the fundamental form 

(1.1) gidxidx! 
admit a group G; of motions, whose equations are 
(1.2) zt = filz;a), 
it is necessary and sufficient that the following equations be satisfied 


ax’ ax’! 
ax’ axi’ 





(1.3) g(t) = gil’) 


where gi:(x’) are the same functions of the x’’s as gy, are of the z’s.!_ For the 
infinitesimal transformation of the G:, namely 


(1.4) ri =a ££ 6t, 

equations (1.3) are equivalent to the equations of Killing, namely 
09i; ag" ag 

(1.5) f* a + gin a + Gin = = 0 


We remark that equations (1.3) are of the form holding for tensors but such 
that the g’s on the right are of the same functional form as the corresponding 
q’s on the left; thus the g’s are carried into themselves by a motion. The same 
applies to any tensor whose components are functions of the g’s and their 
derivatives.2 In particular we have 


aa” ax” 


l. ¥ -_ N) ceemp, anome 
( 6) R,(z) Rii(z’) ant ax! ? 


where Rj; are the components of the Ricci tensor. From (1.4) and (1.6) we 
have 
ag" 


Ri; . p. . or 
art + Ra a5 + Rn = 9. 





(1.7) gk 





'R. G., p. 288; C. G., p. 216, Ex. 2; these references are to the author’s Riemannian 
Geometry and Continuous Groups of Transformations, respectively. The summation con- 
vention for repeated indices is used throughout this paper, 

* This observation applies also to other differential invariants; cf., C. G., pp. 229-231. 

*R. G., p. 21. 
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We assume that V, is not an Einstein space, that is Ri; ¥ pgi;, and that if the 
form (1.1) is not positive definite the elementary divisors of the characteristic 
equation 


(1.8) | Riz — pgiz| = 0 


are simple. If the roots of (1.8) are simple, an orthogonal ennuple of unit 
contravariant vectors of components 3, where a indicates the vector and 7 the 
components, is uniquely determined by 


(1.9) (R,; me, PaGii)r% = 0, 
where ){ correspond to the root pa. Thus we have 
(1.10) ght di = ea (a not summed), gi hid, = 0 (a ¥ 8B), 


where the e’s have values +1 or —1, depending upon the character of the form 
(1.1). The directions determined by \3 are called the Ricci principal direc- 
tions of V,. 


The roots of (1.8) are scalars and by the above observation we have for 
each root 


(1.11) p(x’) = p(z), 
from which follows 


. Op 
(1.12) = 
The components \}, being functions of the g’s and their derivatives and being 
uniquely determined (since they are unit vectors) at each point of V, we have 


aa’ 


(1.13) hale’) = daz) =, 


that is the ennuples of vectors along a trajectory of a motion are brought into 
coincidence by the motion. From (1.13) and (1.4) we have 


Game 


1.14 m = 
a8 é ax* * da! 





Suppose next that all the roots of (1.8) are not simple. If p is a root of 
multiplicity r, then r unit vectors of components di (¢ = 1, --- , 7) exist satis- 
fying (1.9), mutually orthogonal to one another, and orthogonal to the vectors 
corresponding to the other roots.4 These vectors are determined to within a 
matrix ¢t? for which 


» €,tot, = €,, ¥ €,€5€5 = 0 (p, o6,T=1,---, rT; pF a), 
e T 





4R. G., pp. 108-114. 








i 
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in the sense that 
he = tpn} 
are the components of orthogonal unit vectors satisfying (1.9). Hence in this 
case in place of equations (1.13) we may have 
ax’ 


(1.15) Nea’) = t2@e')Az(z) — 


or for an infinitestimal motion (1.4) 

i ani - - ¢ a . ; ae 
(1.16) 3 (x) + Oxi & dt — > (83 + €, ¥e5t)d2 (a) (3; > azi it), 
from which we have 


ari . fo 
(1.17) $25 -Mea= pe vin. 





Expressing the condition that the vectors \; be unit vectors, that is (1.10), and 
making use of (1.5), we find that 
(1.18) Yet; =0. 


Incidentally we have (1.14) from (1.17) when p is a simple root, since from (1.18) 
we have yf = 0. When we have (1.16) holding, the motion may be looked 
upon as consisting of a translation and a rotation, the quantities y{6t being the 


components of rotation. 
If we denote by \¢ the covariant components of \3, that is 


(1.19) AT = gudz, 

we have in consequence of (1.10) 

(1.20) AiAt = eg (anot summed), AIM =0(aX¥B), Do egdTrAt = gis, 
and ; 

(121) 9 = Di eadtat.s 


Hence for any infinitesimal motion of vector & we have from (1.17) for the 
determination of 7 the result 
(1.29) yt ( ge _ yt =). 
Ye = ME a Ne a 
2. In this and the next section we consider the case when the roots of equa- 
tion (1.8) are simple. Equations (1.14) may be written in the form 
at 


(2.1) af T HL;; = 0, 








*Cf. R. G., p. 96. 
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where by definition, on making use of (1.20), 





‘ ; ant ane 
(2.2) Li; = > Cada a = > eadj oF 
from which it follows that 
Oe i _ 
(2.3) at ao NLS, == 0, axt = ng Li; = 0. 


We write (2.1) as follows 
(2.4) E}; = 0, 


and say that a solidus followed by an index indicates covariant differentiation 

with respect to the asymmetric connection of coefficients L;,.6 With respect 

to this connection the vectors of the vector-field £ form a parallel field.’ 
Expressing the condition of integrability of (2.1) we have 


(2.5) EL = 0, 
where 


aL’, aL}, i 
(2.6) Lin = Sar pge + belt, — LiL? 





A solution of (2.1) must satisfy (2.5) and the equations resulting from (2.5) 
by successive covariant differentiation; these reduce by (2.4) to 


EL jeje: = 0 ’ 
(2.7) seasdaspaeinl 
EL etm: os Mg = 0 ’ 


It can be shown? that in order that (2.1) admit a solution it is necessary and 
sufficient that there exist a number q such that the rank of the matrix of equa- 
tions (2.5) and (2.7) be n — r (>0) and that this be also the rank of the aug- 
mented matrix when one more set of equations is added by covariant differ- 
entiation; and that when this condition is satisfied, the equations (2.1) admit r 
sets of solutions £} such that the rank of the matrix || £‘ || is r, any other solution 
being a linear combination with constant coefficients of these r solutions. 
Since the equations (2.1) are linear and homogeneous in the £’s, the r sets of 
solutions generate a group G,. Hence we have: 





*N. R. G., p. 5-7; this reference is to the author’s Non-Riemannian Geometry. 
™N. R. G., p. 19. 
§N. R. G., p. 19. 
9N. R. G., p. 20. 
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When a Vn, for which the roots of (1.8) are simple, admits motions, the complete 
group G, of its motions is such that the rank of the matrix \| &} || of G, is r. 


3. We shall show conversely that 

When a V, admits a complete group G, of motions for which the rank of the 
matrix || €% || is r, the vectors &} satisfy (1.14) in which di; are the components of unit 
vectors determining the Ricci principal directions of the space. 

If r < n, a coordinate system exists in terms of which 


(3.1) é =0 (s=r+1,---,n).' 


Since the determinant of &$ for a = 1, --- , risnot zero, functions £7 are uniquely 
determined by 


(3.2) ae 34 = b» 4 ial 6) (a, b, wv = 1, PAe # r) ° 
We define functions A}, by 
a 7) 5 v 0 . s . 

(3.3) ag = et = eS, jp = 0 (s=r+1,---,n;j=1,---,n), 
from which we have 

0g baa 0€¢ yaad 
(3.4) azi + E,Ajp saa 0, aa! — E,Aj- 

Equations (1.14) are equivalent to 

ani — ‘- 

(3.5) age + haAjn = 0 (i,j =1,---,n;b =1,---,7r). 


The conditions of integrability of these equations are 
NLA jee - 0, 

where A‘,, are the same functions of the A’s as L},, are of the L’s. Wheni = 
r+1,---,m the quantities Aj,, are identically zero because of the second set 
of equations (3.3); when 7 = 1, --- , 7, they can be shown to be zero." Hence 
the system (3.5) is completely integrable, and a solution is defined by taking 
as initial values for x1 = --- = 2” = O arbitrary functions of zt, --- , 2"; 
when r = n these are arbitrary constants. We shall show how they may be 
chosen so that the \’s determine Ricci directions. A necessary and sufficient 
condition for this to be the case is that (1.10) and 


(3.6) Rid; = 0 (a # 8) 


be. satisfied. For, if this condition is satisfied and we define quantities pa by 
RididL = €p,, then d2 satisfy (1.9) and p, are the roots of (1.8). 





* Cf. C. G., p. 74. 
"C. G., p. 76, equations (21.19). 
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In consequence of (3.1), (3.4) and the fact that || &% || is of rank r we have 
from (1.5) and (1.7) 





003; 
a a Gn ja - Gojd va =0, 
(3.7) a 
a — RyAje sea Ry;Ato = 0 (i,j = 1, eee ,nja,b = 1, “are »r). 


Consequently, if \3 and 3 are any two solutions of (3.5), we have 
0 ‘ad 0 iyi a tof 
(3.8) axe (g;jhad2) = 0, ax (9,422) = 0, az (R;2d}) = 0. 


Accordingly, if we choose the initial values of the \’s so as to satisfy (1.10) 
and (3.6), these equations will be satisfied by the corresponding solution for 
all values of the z’s. This choice is given by finding an orthogonal ennuple of 
unit vectors satisfying (1.8) after putting 7! = .-- = 2" = 0, and thus the 
theorem is proved. When in particular r = n, that is when the group is simply 
transitive, the ’s are the vectors of the reciprocal simply transitive group.” 

It should be remarked that in the preceding discussion the question of whether 
the roots of equation (1.8) are simple or not is not involved, so that the converse 
theorem applies to a space for which there are multiple roots, if the space admits 
a G, for which the rank of || £5 || is r. 

If we put 


(3.9) ha* = c8h5, 
where the c’s are constants subject to the conditions 


/ 
2 egchc® = ea, »» egcac® = 0 (a ¥ ), 


.' are the components of an orthogonal ennuple of unit vectors; they satisfy 
(3.5) but not necessarily (3.6), and consequently they do not determine the 
Ricci directions for arbitrary values of the c’s. 

If we have an orthogonal ennuple of unit vectors and differentiate the corre- 
sponding equation (1.21) with respect to z* and make use of (2.3), we obtain 


(3.10) oe - inl’; = Inj = 0. 
If the vectors dj are such that equations (2.1) admit a solution, then from (2.1) 
and (3.10) we obtain the Killing equations (1.5), and consequently V, admits 
a G, of motions. Since (1.14) and (8.5) are equivalent, we have equations 
(1.14) holding and consequently all the results of §2. Hence we have: 

If a V, admits an orthogonal ennuple of unit vectors for which equations (2.1) 





2 ©, G., pp. 113-115. 
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admit a complete set of r (= 1) solutions, then V,, admits a group G, of motions and 
the rank of the matrix: || €3 || is r. ) 

From the preceding results we have that either \; determine the Ricci direc- 
tions or suitable linear combinations with constant coefficients determine these 


directions. 


4. We consider in this section groups of motion G, for which the rank of the 
matrix || £) || is g, less than r. We assume without loss of generality that £* for 
y= 1,---,q are independent and put 








(4.1) & = 98; (¢ =q+1,---,7r). 
It follows from (1.5) and (1.7) that 

k dg, dg, 
(4.2) gy (04 dai + ix ve: ) = 0, a 

0” ae’ (i,j, =1,--+,n). 

k Po Pa 

If we put 
dg, 

(4.4) Jukes SF = gui, 


equations (4.2) become 
(4.5) Goii + Goi = 0, 


so that for each value of o we have a skew-symmetric covariant tensor of the 
second order. Equations (4.3) may be written 


(4.6) Rigein + Ri gain = 0. 

A coérdinate system can be chosen so that at an arbitrary point P we have 
9; = R;; = Ri} = 0 (i ¥ 3), in which case at P equations (4.6) become, in conse- 
quence of (4.5), 


(47) (Ri — Ridony = 0. 


Since for each value of o not all of the quantities g? are constants, it follows 
from (4.4) that not all of the quantities ¢,;; can be zero. Hence for a certain 
and j, we have Rj = Ri, that is 
Ra _ Bi 
Ji Gii 
and consequently at least two of the roots of (1.8) are equal at P. Since P 
is an arbitrary point, it follows that at least two of the roots of (1.8) are equal 
and we have 
When a V,, admits a group G, of motions, for which the rank of the matrix of the 


’ 
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vectors || &) || is less than 1, not all the roots of the characteristic equation (1.8) are 
semple, that is not all the Ricci principal directions are uniquely determined. 

Also it follows that if the generic rank of the matrix ¢,;; is p and P is a point for 
which the rank is p, we may determine the number of multiple roots and their 
multiplicity. 

We recall that for a G, of the kind under discussion equations (1.5) for the q 
vectors £' and equations (4.2) constitute a necessary and sufficient condition 
that the g’s must satisfy in order that G, be a group of motions, in addition to 
the requirement that the determinant of the g’s is different from zero. There 
are (r — gq) N (where N = $n(n + 1)) equations (4.2) linear and homogeneous 
in the N quantities g;;, Hence the rank of the matrix of these equations must 
be less than N. If it is N — 1, it follows from (4.3) that Ri; = pg;; that is V, 
is an Einstein space. 


5. If the components g;; of a tensor satisfy (1.5) and (4.2) so also do e*g;;, 
provided that 


; 0 
(5.1) to = 0 (v =1,---,9). 


Only when q < n is the V,, with the fundamental tensor e*;; different from V,,." 
If a comma followed by one or more indices indicates covariant differentiation 
with respect to the g’s and we put 


(5.2) Oj = F,ij — F,10,;, 
the components &,; of the Ricci tensor for V, are given by“ 
(5.3) Ri = Ry + (n — 2)oyj + giuldee + (mn — 2)Aro}. 


Expressing the condition that these satisfy (1.7), we obtain in consequence of 
(1.5) and (1.7), 











0 
(5.4) (n — 2) Ay; + gist% art [A,o + (n — 2)A,¢] =0, 
where 
ac;, ae’ ag" 
A... = ¢* —i ; ° 
(5.5) vij ‘5 axk oip Da) al oir aa 


= ot + on£>,; + ta8;,¢ 
From (5.1) we have 


(5.6) Fo ns + a = 0. 





13 Cf. Knebelman, On groups of motions in related spaces, American Journal of Mathe- 
matics, Vol. 52 (1980), p. 282. 
“RR. G., p. 90. 
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In consequence of (5.2) and (5.6) we have from (5.5) 
(5.7) Ayig = 50,50 + ,n8%,; + onth,;. 
From (5.6) we have by covariant differentiation 
EF osx; + EF Oi + eso. + EF io. ik = 0, 

by means of which and the equations 
(5.8) ea = Rein - 
equations (5.7) are reducible to 

A,ij = E56, six — OL iki — o,,Riix)- 


In view of the Ricci identities'* we have that the quantities A,,; are zero, in con- 
sequence of which and (5.6) equations (1.5) are satisfied by ¢,;; — go, ;,o,;, where 
y is a constant or any solution of the system (5.1). ; 


From (1.5) we have 


aa" 


» Og" 


ag 
” aaxk wr 0, 


aie ax? 


g 


which because of the identity g,;, = 0 is equivalent to 
(5.9) gt toe, = 0. 
In consequence of these equations and (5.6) we have 
bo Ao = th  (gto,so,;) = 0. 
Also because of (5.9) and the fact that the right-hand member of (5.7) is zero 
we find that 


0 0 a 
“ age 427 = gf age 9" 2.41) = 0. 


Accordingly equations (5.4) are satisfied. 3 
If ¢ < r, equations (4.2) are satisfied by eg;; and the equations (4.3) for V’,, 
in consequence of (5.3) require that 


k do, O0,\ _ 
(5.10) gy (6.4 225 + 9 ix vei) = 0 
In order to verify this we remark that &* = 97£* must satisfy (5.8); this leads 


to the conditions 


k v k k 
Po, iby + o,ibv,; + aS = 0. 


_— 


°C. G.. mw 216, Ex. 3. 
*R. G., p. 30. 

















832 LUTHER PFAHLER EISENHART 


Multiplying by o, and summing for k, the resulting equation is reducible to 
(5.10) because of (5.1) and (5.6). 

As a result of the foregoing investigation we have 

When a V,, with fundamental tensor g;; admits an intransitive group of motions, 
the same group is a group of motions of the space with the fundamental tensor 
i; = 0,5; — 9o,;0,;, where o is any solution of (5.1) and ¢ is a solution of (5.1) 
such that the matrix || 9;; || is of rank n. 


PRINCETON UNIVERSITY. 
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ON CERTAIN AREA-PRESERVING MAPS! 


By A. B. Brown anp M. Hatrerin 
(Received January 1, 1934) 


In this paper the authors obtain characterizations of wide classes of area- 
preserving transformations of a simply-connected region into a circular region, 
and extend some of the results to curved surfaces and to volumes.? 

THEOREM 1. Let © be a family of nested simple closed curves which fill the 
the simply-connected plane region A of finite area;* O the point interior to each 
curve of S; T a Jordan arc which meets each curve of S in a single point. Let S 
have a representation of the form 


(1) f (2, y) =a, 


where f has continuous first partial derivatives except at O, not both zero. Let C 
be a circle enclosing a plane region A’ of area equal to that of A. 

Then there exists an area~preserving homeomorphism which maps A upon A’, 
the curves of S upon circles concentric with C, and T upon a given radius of C. 
Except for a possible reflection, the map is unique. 

It is easily shown that a permissible change in the function f will make the 
area, say A(a), enclosed by the curve of © for any value of a, be za? 


(2) A(a) = 7a’. 


Let (R, O) be polar coérdinates in a system with pole at the center of C and 
with the polar axis along the given radius of C. We define a transformation 
by (3) and (4), where we note that points on a curve of S are mapped on points 
of the circle concentric with C and enclosing the same area 7a’. 


(3) R = f(z, y) 


(4) (z,y (z,y) 5 
OD = ” ap | G +7)! rer 


Presented to the American Mathematical Society, March 31, 1934. 

* F. Schellhammer wrote a paper on the same general subject: Uber dquivalente Abbil- 
dung, Zeitschrift fiir Math. und Phys. 23 (1878), pp. 69-84. He treats simply-connected 
regions whose boundaries are cut by each line of a family of parallel lines in just two 
points. He has nothing like our characterizations of the maps by means of families of 
curves. Our first theorem characterizes, among others, all area-preserving maps of A 
on A’ which are expressed in Cartesian codrdinates by means of functions having con- 
tinuous first partial derivatives. 

* With a slight change in the wording of the theorem, and of the proof, the restriction 


to finite area can be removed. 
‘ This means that [f(z,y) # equals 1/x times the area interior to ies curve of © through 


(2, y). 
*A subscript for f denotes partial differentiation. 
833 
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where Y(z, y) is the point of intersection with [ of the curve of © through 
(x, y), fn is the directional derivative in the outer normal direction, and the 
integral is evaluated along the curve of © with s measured in the sense for which 
the interior is on the left. The functions R, © are then continuous at all points 
of A, except at O in the case of 8. From (8) and (4) it is easily seen that the 
map is one-to-one and continuous between A and A’ except for possible over- 
lapping through ©’s becoming greater than 27, or possible non-covering due to 
©’s not reaching the value 27. 

Let u(R) be the area of the region in A bounded by the four curves correspond- 
ing toO = 0,,0 = 02, R = Ri and R = R, 0 S O; < Oe S 2z, where we take 
62 small enough so that such curves exist. We shall show below that this is 
no restriction. Let P; and P, denote the points in A corresponding to (R, 0,) 
and (R, Qe). 

a 


(5) du/dR = 7 * R(@2°— @). 


The derivation, which we omit, of the first equality in (5) involves the relations 


ffecarm [fern fe 


dy/fz = — dy/f, = ds/fa, on curves of ©, 


and the fact that du/dR is unchanged if the curves corresponding to 0 = 0, 
and © = ©, are replaced by other curves through P; and P2 respectively, each 
of which meets each curve of © in a single point. The second equality in (5) 
follows from (4) and (8). 

From (5) we have 








u = 3(R? — R{)@2 — 9), 


which equals the corresponding area in A’. Consequently the map is area- 
preserving. 

if P; and P2 are both on I, then since for the purposes of finding du/dRk 
we may use I as a boundary twice, it follows from (1), (2) and (3) that u = 
+(i2?? — R{). Therefore du/dR = 27R, and from (5) we find that Oz = O2 — 
©, = 27. Hence the map is one-to-one between all of A and all of A’. 

Similar considerations show that the only area-preserving maps of a circle- 
interior on itself which keep a given radius fixed and transform into itself each 
circle concentric with the given circle, are the identity and a reflection. Hence 
the uniqueness condition is satisfied, and the proof is complete. 

THEOREM 2. Let B be a simply-connected region of finite area on a surface S 
having a metric given by 


ds? = Edo? + 2Fdadg + Gdg*, 


where E, F and G are continuous and EG — F? = Oin B. Thenif, in Theorem 1 
B is substituted for A, and (a, 8) substituted for (x, y), the resulting theorem is true. 
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The proof is like that of Theorem 1 except that (x, y) is replaced by (a, 8); 
fh = ( f? +f)! is replaced by (Aif)!, where Ajf is the differential invariant 


Efp — 2F fafa + Gfa . 
HG-F’ 


and the derivation of (5) is somewhat lengthier. We give no further details. 

For the plane case (Theorem 1), conformal mapping shows the existence of 
such families S for any simply-connected region A of finite area. Under cer- 
tain restrictions a similar statement can be made in the case of a curved surface. 
In the following theorem, however, the hypotheses may be too stringent to be 
satisfied by the most general region A even when planar, but the conclusion is 
interesting in that in this case the map is characterized merely by a single 
family of curves. 

TurorEM 3. Under the hypotheses of Theorem 2, let G be a one-parameter 
family of curves of bounded length in B, homeomorphic to a family of parallel 
chords in A’. Suppose a function g(a, 8) is defined in B such that: 

(a) g is constant along each curve of G; 

(b) the area on a particular side of the curve g(a, B) = ¢, is c; 

(c) g has continuous first partial derivatives, not both zero, throughout B; 

(d) Ag > k > 0, k constant for all of B. 

Suppose also that the locus T of one set of end-points of the curves of G is given 
by equating a and B to continuous functions of c (the constant in the equation g = c). 
Then there exists an area-preserving homeomorphism of B with A’, which maps G 
upon any given family of parallel chords of A’. This homeomorphism is unique 
except for two possible reflections. 

Proor: One such transformation is given by the following equations, where C, 
the boundary of A’, is (permissibly) taken as the unit circle with center at the 
origin, in an (X, Y)-plane, and X(a, 8) in the second equation is the function 
determined by the first equation: 


X[(1 — X*)}! + cos“! (— X) = gla, 8), 0 < cos t(— X) <7, 


* (a,8) ds 
y= [ —__—_—__. — (] — X*)}}, Y onT. 
y  [A.X(a, 6)}# 

The remainder of the proof is similar to the proofs of the preceding theorems, 
and is omitted. 

We now present a result for the three-dimensional case similar to Theorem 1. 
Similar results hold for spaces of higher dimensions. 

THEOREM 4. Let there exist in an (x, y, 2) number-space, a configuration A, 
which is a homeomorph of a configuration A’ consisting of: 

(a) A’, the interior of an ordinary sphere with center at the origin, in a number- 
space with spherical coérdinates (R, ®, ©); 

(b) S’, the spheres R = k, in A’; 

(c) C’, the intersections of S’ with the half-cones ® = m; 

(d) p’, the part in A’ of the half-plane @ = 0. 





Af = 
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Let A, O, 8, C, p and & be the respective homologs in A of A’, the origin, S’, C’, p’ 
and the ray = 0, in A’; with the volume of A equal to that of A’. Suppose that 
the surfaces S have a representation of the form 


(6) H(z, Y; z) = 4, 
and that the curves C have a representation given by (6) and 
(7) K(z, y, 2) = b. 


We assume that H and K have continuous first partial derivatives and that the 
matrix of the first partial derivatives 1s of rank 2, at all points of A except images 
of the points on the rays ® = 0, zx. 

Then there exists a volume-preserving homeomorphism which maps A, S, C, p 
upon A’,S’,C’, p’, respectively. This map is unique except for certain reflections. 

Proor: We may assume that H is such that the volume enclosed by the sur- 
face (6) for any a is (4/3)za’. Given any point Q of A, for the present suppose 
it does not lie on the homologs of the rays = 0, 7. Let C(Q) be the curve 
of C through Q. Then C divides the surface, say S(Q), of S on which it lies 
into two regions, one of which, say M(Q), contains a point of ¢. Let o denote 
area in M(Q). A volume-preserving homeomorphism is then determined by 
letting Q correspond to (R, @, ®) as determined by (8), (9), (10), with the sup- 
plementary definitions below. 


(8) R = H(a, y, z). 


(9) 1 — cos ® = (1/27?) 0< <7; 
M(Q) H, 


ds 


iia er 


along C(Q),Q: on p. 





Here H, is the directional derivative in the outer normal direction; A;® is with 
respect to S(Q); &(z, y, z) is the function determined by (9); and the integral 
in (10) is in the sense for which 9 increases on the corresponding curve of C’. 

For points of A corresponding to points of A’ on the rays ® = 0, 7, we 
keep (8) as it is, replace (9) by the equation = 0, 7 as the case may be, and 
dispense with (10), which becomes unnecessary. 

The details of the proof are omitted. They are of the same nature as those 
for Theorem 1. 

A special case for the region A in the plane case is mentioned as interesting 
because of a very easily defined map. Given acurver = f(@) > 0,0 < @ S 2r, 
f(2r) = f(0), with (r, @) as polar coérdinates, enclosing an area 7, we apply the 
transformation 


R = r/f(6), @ = | for ao, 
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with (R, @) polar coérdinates of the transformed point. The preservation of 
area is easily established by first considering regions in the transform of A 
bounded by ares of concentric circles and radii cut off by these circles. 

The following example shows that our restrictions on the nature of the 
family © in Theorem 1 are not superfluous. The curves of © are circles, of 
radii r, O< r <2. When,r S 1, the center is at the origin; when r = 1, the 
center is at the point x = 3 (r — 1), y = 0. It is easily verified that in this case 
the conclusion of Theorem 1 cannot be satisfied. The difficulty arises at the 
circle r = 1. 


CoLUMBIA UNIVERSITY. 

















ANNALS OF MATHEMATICS 
Vol. 36, No. 4, October, 1935 


THREE EXAMPLES IN THE THEORY OF FOURIER SERIES! 
By W. C. RanDELS 
(Received May 7, 1934) 


1. Introduction. This paper consists of three notes each of which may be 
read separately. The notation used is familiar and will only be reviewed briefly. 
We shall use f(x) to mean an integrable function which is periodic of period 27. 
We shall make use of the following functions. 


(1) elt) = fle +) + fle — 1) — Ye), 
(2) WO) =fe+)—fe-d, 

(3) x) = fle +) —fle —) — 24), 
(4) 2) = [le lar, 

(5) vo = [lve lar, 

6) alt) = |" ole) ar, 

(7) at) = [| de), 

(8) ral) = [dete | 

(9) je) = lim — = ” W(t) cot t/2 dt, 
(10) @) = lim — PS " o(t)(sin t/2)-2 dt. 


t 
By I | dp(r) | we mean the total variation of ¢(¢) on the interval (0, t). The 


function f(x) exists and is finite almost everywhere, and, if f(x) is of bounded 
variation on (—7, 7), f’(x) exists and is finite almost everywhere. We also use 
an alternative expression for f(z), 


(11) Ha) = tim — + | yey #. 


Tv 





1 The author is indebted to Prof. J. D. Tamarkin for his criticism and suggestions. 
838 
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We shall consider four classes, of trigonometric series and their related sum 
functions. We indicate these classes by L, L, L’, and L’. The class L is the 
class of Fourier series and functions integrable over (—7z, 7). We write 


ao = , 
(12) f(z) ~ = + 2 (a, cos nx + b, sin nz) 
where 
ee by 1 [* ; 
a, = d f(x) cos nx dz, = ~ f(x) sin nz dz. 


The conjugate series of f(x) is 


(13) > (a, sin nz — b, cos nz) 


n=1 


and the corresponding sum function is f(z). The class of such series and func- 
tions is denoted by L. If f(x) is of bounded variation over (—z, 7) the series 


io} 


(14) >> n(— ansin nz + bp cos nz) 
n=1 

(15) > n(a, cos nz + b, sin nz) 
n=l1 


are members of the classes L’ and L’ respectively. The corresponding sum 
functions are f’(x) and f’(z). 

We denote by & any one of the four classes of series defined above. The 
general term of a series of class T is called A,(x) and the sum function asso- 
ciated with the series is called F(x). We define 


(16) F,(x) = >> A(z). 
v=0 
In the case & = L, L, L’, and L’, F,(z) is written S,(x), Sa(X), S, (x) and S/ (x) 
respectively. 
We shall transform the series T by a regular matrix dm,. This transform is 
given by 


(17) T(x, F) ~ ‘ rey 


We do not require that the series (17) converge but we do require that it be a 
Fourier series (Cf. Hille and Tamarkin [6]). The series (17) will be a Fourier 
series if there exists a kernel K(t, £) which is either, integrable, over (—7, 7) 
or (—, ©), or odd and of bounded variation over (— ©, ©), and such that, 


> OmnAn(x) ~ * f(x + )K,(t, E) dt 


n=0 
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or 


D> Amn An(t) ~ fic + OK, (t, E) dt. 

n=0 —00 

The methods of summation considered in the sequel are of one of these types. 
Let Ey be a point set in the interval (—7, 7) such that at every point x C E,, 

F(z) has a definite value and satisfies prescribed regularity conditions. Wenow 

state our three principal definitions (Cf. Hille and Tamarkin [5, §2)). 
DEFINITION 1. A method of summation is said to be (Z, E)-effective if, 

whenever F(x) C f&, the series (17) is a Fourier series and 


(18) T(z, F) > F(x) asm— ~,ifx C Ep. 


DEFINITION 2. A point x at which f(x) has a definite value is said to be: 
(i) (F)-regular if g(t) — 0 as t > 0 (written x C E(F, f)); 
(ii) (L)-regular if &(t) = o(t) as t > 0 (written « C E(L, f)); 
(iii) (F)-regular if f(x) exists and is finite and y(t) — 0 as t > 0 (written x C 
E(F, f)); 
(iv) (L)-regular if f(x) exists and is finite and V(t) = o(t) as t — 0 (written 
« C E(L, f)); 
(v) (L’)-regular if f(x) is of bounded variation on (—z7, 7), f’(x) exists and is 
finite and xo(t) = o(t) ast — 0 (written x C E(L’, f)); 
(vi) (L’)-regular if f(x) is of bounded variation on (—7, 7), f’(x) exists and is 
finite and g(t) = o(t) as t > 0 (written z C E(D’, f)). 

DEFINITION 3. A method of summation which is (&, E,r)-effective is said to 
be: 
(i) (F)-effective if T = L, Ey = E(F, f); 
(ii) (L)-effective if T = L, Ey = E(L, f); 
(iii) (F)-effective if T = L, Er = E(F,f); 
(iv) (L)-effective if T = L, Er = E(L, f); 
(v) (L’)-effective if T = L’, Ey = E(L’,f); 
(vi) (L’)-effective if T = L’, Ey = E(L’,f). 

_The first note contains an example of a method of summation which is 
(F)-effective but not (Z)-effective. This method is similar to one defined by 
Paley, Randels and Rosskopf [7] which is (F)-effective but not (L)-effective. 

In the second note a method of summation is defined which is both (L)-effective 
and (L)-effective but neither (L’)-effective nor (L’)-effective. 


Tv 


Hardy and Littlewood [4] have recently shown that, if / g(t) dt = 0, suffi- 
cient conditions for the convergence of the Fourier series of f (x) at x = O are, 
(19) &(t) = o(t/log 1/t) ast > 0, 
and either 


(20) a, = O(n-7), for some y > 0, 
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or 


(21) galt) = [ | du*(u) | = O(t), for some A < ». 


They mention that they have been unable to replace the condition (19) by 
(22) eit) = o(t/log 1/t) ast 0. 


In the third note we show that, given any y < 1, any A > 1 and any function 
a(t) such that 


(23) a(t)lOast—0, a(t)t-? + ~ ast—0, for every 8 > 0, 


we can construct a function f(z) which satisfies the conditions (20) and (21) for 
the given y and A and for which at x = 0, 


(24) gilt) = o(ta(t)), 


but such that the Fourier series of f(z) does not converge at x = 0. It is clear 
that the function a(t) = (log 1/t)—! satisfies (23). The method of attack on 
this problem was suggested by a proof of Hahn [2] that the condition 


gilt) = o(t) ast +0 
is not sufficient for the (C, 1) summability of the Fourier series of f(x). 


I. A Meruop or SUMMATION WHICH Is (F)-EFFECTIVE BUT NoT (L)-EFFECTIVE 


2. We shall consider a method of summation for which an, = a(n/m). The 
function a(x) need only be defined for rational z but it is more convenient to 
consider it as defined everywhere on the interval (0, ~). It can be easily 
shown that necessary and sufficient conditions that such a method be regular are: 


(1.01) a(0) = a(+ 0) = 1, 
(1.02) a(x) C B.V. over (0, ~). 
If in addition we impose the condition, 


(1.03) a(x) ~0,aszr— ~, 





we know from the theory of the Fourier integral’ that the function 


(1.04) K(t) = (2) i] : a(x) sin xt dx 





* See Bochner [1, Theorem 1]. 
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will exist for all ¢. Converse.y, under suitable restrictions on a(x) or K(t), 
a(x) will be given by 


(1.05) a(z) = (2) | ” K(t) sin at dt. 


In particular, if a(x) is continuous and a(zx)/z is integrable for large values of x, 
the inversion is possible. Consequently we may think of the method of summa- 
tion as determined by the kernel K(é). , 

We propose to find a kernel K(t) which defines an (F)-effective method of 
summation (K) and an odd function f(x) of period 27 such that the point x = 0 
is (L)-regular but such that its conjugate Fourier series is not summable (K) 
atz = 0. 


3. We define K(é) as follows: 
1, OstS1, 


K(t) = (2) 41 + SP (ut — 214-20, |é-2"| Sant (n =1,2.-..), 


tn 








\1/t, elsewhere on (0, ~). 


This kernel has the properties: 


(1.06) K(t)/t C L, over (z, ~), x > 0; 

(1.07) K(t) C B.V., over (0, ~). 

If Kilt) = K(t) — (2/7)* 1/t, 

(1.08) K,i(t) C L, over (x, ©), x > 0; 

(1.09) Ki(t) C B.V., over (x, ~),x > 0; 

(1.10) fr dK,(r) | = o( Ps an) = o(1/t) ast— ©; 
(1.11) tK,i(t) C Le, over (0, ©). 


By the Plancherel theorem and (1.11) 


(1.12) a;(z) = 2)’ tK(t) cos xt dt C Ly over (0, ~), 


b 
where the integral is considered as a limit in the mean. If we set 5, = 2” — — 


4 
€é, = 2" + 5 , then almost everywhere, 





’ For more general conditions see Bochner [1, Theorem 11a]. 








SUMMABILITY OF FOURIER SERIES 843 


1 o 9 
a, (x) =" . (¢ — 1) cosatdt + D> =(—1)"n7 


n=1 


/ (nt — 2|t — 2"|) cos zt dt 








(1.13) . —o a itt 
cos x — —1)* ' ea 
Aone te aay {- | sin tat + | cin tat 
2cosez—1 , 2—q 4(—1)* 1 
_-cost—-1 4 I na, 
ms 4+ = & “dal (1 cos 9 n r) cos 2"x 
Therefore 


a;(r) C L over (0, ~). 


Since the series (1.13) converges uniformly over (e, ©), for every « > 0, we have 


e—0 Je 


_ 12 [*eosu—1 26 go » ) | 
a 3 po 4 o — 2"u d 
im 2 f = m+? > | — 1 cos 5 mtu } cos mu du 


a(z) = [ a;(u) du = lim 7 a,(u) du 





«0 


= (2) | K,(t) sin zt dt. 


This shows that the sine Fourier transform of K,(t) is absolutely continuous 
on (0, ©). Since the sine Fourier transform of (2/7)! 1/t is identically 1, it is 
also absolutely continuous. Therefore 
4 i} 
(1.14) a(x) = (7) i K(t) sin zt dt C B. V. over (0, ). 
T 0 
Since a; (x) C L over (0, ~), a(x) > 0 as 2-0 and a(0) = 1. Since K(t) C 


B.V. over (0, ©), a(x) +0 as2— ©. Therefore conditions (1.01)—(1.03) are 
satisfied. Moreover since K(é) is continuous and satisfies (1.06) and (1.07), by 


a previous remark 
; eo 
K(t) = (?) i a(x) sin zt dt. 
Tv 0 


4. To prove that the method (K) is (F)-effective we observe that, if 


S(z) ~> + 2, (a, cos nx + b, sin nz), 
then for a given value of x the series 


°c 
> (an sin nz — b, cos nz) 


n=1 


eh st 





6 ee — > 
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is the same as 


io) 


1 
(1.15) 5 2) — bay) 
where 
(1.16) ba(y) = : f V(t) sin nt dt . 


We define the function y(t) by: 


v(t), |¢| $6, 
(1.17) y(t) = 4 0, elsewhere on (—z, =), 
vs(t + 27), —ao <t<o, 


If c C E(F, f), v(t) — 0 as t > 0 and it is possible to choose 6 so that ¥,(t) is 
bounded. If f(x) exists and is finite then 


Hue) = tim — 3 J “wo 4 


Tv 


is also finite. Also 


v(t) ~ > ba(Ws) sin nt. 


We define 
(1.18) 84(z) = — 3 bs(ys) , 


and it is well known that 
(1.19) 8, (x) — f(x) — (Siz) —fs(z)] = 011) as nS 
Therefore since the method (K) is regular we need only discuss the summability 


to] 


of the series — ; ba(Ws). Since K(t) C B.V. over (0, ©), 


n=1 


1S baldada (n/m) = : pe balw(2)' [KO sin Ma 


(1.20) wii 
on (7) [ 5 volt/m) K(é) dt, 


where the termwise integration is justified by a theorem of Hardy [3]. Hence 
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: ba(ys)a(n/m) = ah vs(t/m) dt 43 a valt/m) @ 
(1.21) oe T JO w Ji 


3 ne) 
+ (?) | 5 valt/m) Kat) d=h+h+];. 


But Iz > — fs(x) asm — ~, and in I, and J;, since y(t) is bounded, the integrand 
is dominated by an integrable function and tends to zero as m — © for every t, 
iiz C E(f,f). Therefore by the Lebesgue theorem lh, I; = o(1) asm— ~, 


and 
1x . 
(1.22) —5 +> ba(ys)a(n/m) = f(x) + 0(1) as mom, if tC EH(F,f). 


This proves that the method (K) is (F)-effective. 


5. We define f(x) by: 
(—1)"4"t, |¢-—2-"| $ 4-*/2 logn (n = 2,3.---), 
(1.23) fla) = 0, elsewhere on (0, x), 
-f(-2), -«<2<», 


f(x + 2r), — oe 2 ee 


Then at x = 0, ¥(é) = 2f(t), and 


00 


(1.24) [ | y(t) | dt < 2 be p sbee o(2 Heel) — off) as t—-0. 


n=[loge 1/¢] log * 
We define 
t 

FO = [va = 00), 
then 

eS iy d 1 [* dt 

1 fywot=! [rod 
is finite. Also 





1f* .d 1 OR 91) 
lim — vio # = im(2 p> — + ot) 


e—0 e—0 out log n 














844 W. C. RANDELS 


is the same as 


1 fo *) 
(1.15) 5 2 — bay) 
where 
(1.16) ba(y) = : : Y(t) sin nt dt . 


We define the function y(t) by: 


v(t), l¢| $6, 
(1.17) y(t) =< 0, elsewhere on (—z, =), 
Wi(t+2r), -—x<t<o. 


If « C E(F, f), V(t) — 0 as t > 0 and it is possible to choose 6 so that y,(é) is 
bounded. If f(x) exists and is finite then 


Hue) = tim — 3 J “yaty 


T 


is also finite. Also 


v(t) ~ > bn(Ws) sin nt. 


n=1 


We define 
(1.18) SiG) = — 5 2) bw), 


and it is well known that 
(1.19) 8,(z) — f(x) — [Si(z) —fi(z)] = 01) as nm. 
Therefore since the method (K) is regular we need only discuss the summability 


of the series — ; >> b.(¥s). Since K(t) C B.V. over (0, ~), 
n=1 


: > bia (n/m) = ; : baldn)(2)) i " K( sin ™ ae 


(1.20) n=l 
ts () [ 5 valt/m) K(t) dt, 


where the termwise integration is justified by a theorem of Hardy [3]. Hence 
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sen Bk niaanln = Ff mans? [osu 
mae 


+ (7) 5 ¥alt/m)Ka(t) d@=jh+h+4;. 


Tv 


But Iz — fs(x) asm — ~, and in J, and J;, since y(t) is bounded, the integrand 
is dominated by an integrable function and tends to zero as m — ~ for every t, 
ifiz C E(F,f). Therefore by the Lebesgue theorem J;, [3 = o(1) asm— ~, 
and 


(1.22) — ; p> balys)a(n/m) _ f(x) + o(1) as m—>®, if rc E(F,f). 


This proves that the method (K) is (F)-effective. 


5. We define f(x) by: 


(—1)"44, |¢-—2-"| 5 4-"/2logn (n = 2,3.---), 
0, — elsewh 0, 7), 

(1.23) f(x) = elsewhere on (0, 7) 
— f(-2), —o7<zt<-m, 


f(x + 2r), —-o <r<om, 


Then at x = 0, Y(t) = 2f(t), and 


) 





t n 
(1.24) [ | y(t) | dt S$ 2 a = o(2 Heel) — off) as tO. 
0 n=([loge 1/#] og 
We define 
z 
FO = |" W@a = 00), 
then 
eS d 1 [* dt 
1 yot=! [rod 
is finite. Also 
[log: 1/¢] 
= i #* " ae | 2(—1)" 
b~ = & = 1 
pea : vO) > im (2 2, log n vite ) 





2 ee a Te, ee os « 3 
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exists since >, (—1)"/log n converges. Therefore 
n=2 


(1.25) 0) = tim — 2 J “yo 4 


e—0 Tv 


exists and is finjte. From (1.24), (1.25) we see that the point z = 0 is 
(L)-regular. 
We propose to show that 


(1.26) - > ba(f)a(n/m) —f(0) ~0(1) as =m, 


As before 


> b,a(n/m) = ?) i] : f(t/m)K(t) dt 


1.27 1 ) © 
_ = : I f(t/m) dt + < | f(t/m) e + (7) f(t/m) Kilt) dt 
=h+h4+1;. 
But 
I, = —f(0) + o(1) as m— , 
and 


7 m [saat “we ee 
so that it is only necessary to consider I;. We have 
t= (2) f° semasto ae (2) [ semnseo at = 1 +05. 
en 
(1.28) G() = il ‘fG/=) dt = H " $(t) dt = O(m), 


we have by (1.10) 


(1.29) I; =-— [ G(t) dK,(t) = o(m [ | dK, (t) ) =o(1) as mo. 


We choose m = 2", heven. Then 


( 


(—1)4"2-*, | t — oh] = 2 
(1.30)  f(2-*) -| 


< 2%, >, 
5 Stoen : ) 





0, elsewhere on (0, 2"). 
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We have on the interval (1, 2"), f(22-")K(t) = 0. Since, for h sufficiently large, 














4-"Qh 1 1 h 
< os — n)? a 
Sogn = Slogan <a" n)', h>ne2s, 
on the interval 
4-nQh 4-—nQh h 
= pete .. —n-+h i= 
- (2 2 log n’ , +a): h>n2>, 
we must have, for such h, 
2\3 1 
m0 > (2) sama 
Hence 
2 } oh h-1 2 j 
n=(2) [penn a> > 2) f perms a 
“a ’ enase * Jn 
1 h-1 2 1 h/2 1 
“ ‘ 
on —_. 2 
+5 ae WS ten Taga 22" r 


Therefore J; does not tend to zero and hence the conjugate Fourier series of 

f(x) is not summable (K) at x = 0 to f(0), which implies that the method (K) 

is not (L)-effective. 

II. A MerHop or SUMMATION WHICH IS (L)-EFFECTIVE AND (L)-EFFECTIVE BUT 
not (L’)-EFFECTIVE OR (L’)-EFFECTIVE. 


6. A Woronoi-Noérlund method of summation is defined by a sequence 


p(n = 0, 1, ---), the related sequence P, = >> p,, and the transformation 


v=0 


(2.01) T(x, F) = SS > F (2) Pan 


Necessary and sufficient conditions for the regularity of such a method are + 


(2.02) Dd | pal < CP, pO asn— @. 
n=0 


The method we shall consider is defined by:5 
1, n=0 (mod 4), 


(2.03) Dn = 
0, otherwise. 


We denote this method by (N, pn). It is clearly regular. 





‘See e.g. Hille and Tamarkin [5, (1.05)]. 
* This method differs from those considered by Hille and Tamarkin [5] in that their 


condition (3.02) is not satisfied. 
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We prove first that our method (N, p,) is (L)-effective. We use the familiar 
formula 


, sin (n + 4)t 
(2.04) Sis) = Jie) = i wnat «. 


Then, if Tm(x) = VP. z B.Az) Pao, 
n=0 


(2.05) wll Sw " o()Kn(t) dt, 
where, if m = a (mod 4), 


1 a sin (n + 4)t 1 SS sin (4n+a+A)t 


(2.06) Kn) = 5 2 “Qn sint/2 °"*” P, —<  Qesint/2 ° 





and, since 
sin (4n + a + 4)t sin 2t = 3 {cos (4n + a — 2 + $)t — cos (4n + a+ 2 + $)t}, 


we have 


4x P,, sin t/2 sin 2t 


1 , T 
-0(4), if |t| <;- 


Moreover, since sin (n + })t/2m sin t/2 = O(n), we have 


{cos (a — 2 + 3)t — cos (m + 2 + 3)t} 





(2.07) 


(2.08) K,,(t) = O(m) uniformly in t. 
Now 
1/m T 
outs) — $02) =f oKuld) dt + [ oltKa) at [eC Kad a 
=f; + I, + I;, 
and 


i= o(m [elo |at) = o(1) aam— ~ ifxC H(L,f), 


r= 0( J" 114) =0(20)' + [" a 4) = oa 


uniformly in m as 6— 0, if z C E(L, f). Finally, by the Riemann-Lebesgue 
theorem, for a fixed 6, 


——) 
i. g(t) = rane dt = o(1) aan— ~, 
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and therefore, since the method (N, p,) is regular, for a fixed 6 
I; = f° g(t) Kn(t) dt = 0(1) as m— ~. 

From this it results that 
(2.09) i ; g(t)Kn(t) dt = o(1) as m—> 
and the method (N, p,) is shown to be (L)-effective. 

7. We now prove that our method (N, p,) is (L)-effective. We use the formula 
(2.10) 8,(t) = = J “Wlt) {- cot t/2 + aa am i dt. 
Then 
(11) dale) = BS Bele)pwe = [ vO{— Z cot 72 + Raldha, 


mn=0 





where, if m = a(mod 4), 





1 "S$ cos (4n +a + 3)t 


_ 1 Scos(n+4)t ak 
212) Kall) = 5” 2, Brain 2 P= P, 2, Oesin 72 


Since 


cos (4n + a + $)¢ sin 2¢ = 3{sin (4n + a + 2 + 3)t — sin (4n + a — 2 + §)i} 





we have 
i 1 . — me 
K,,.(t) = InP sin sin 1/2 {sin (m + 2 + 4)é — sin (a — 2 + })é} 
(2.13) 
° Tv 
From (2.11) 


3) = i es vi - 2 cot t/2 + Ral} dt + ; Wt)Kn(t) dt 
= z |" wo cot (//2dt=h+h+ Is. 


From the definition of f(x), Is > f(z) as m— ©. We know that 


1 
-- {- cot t/2 + =- +o = O(n) uniformly in ¢, 
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and consequently 
_ - cot t/2 + K,(t) = O(m) uniformly in ¢. 
Hence 
I= o(m fo | y(t) | it) = o(1) asm— 0, ifxC E(L,f). 
We set 


6 T 
lh = : W(t)Kn(t) dt + J W)Kn(t) dt = 1, +I). 
1/m 
Then using (2.13) 


o(f” ivi) = o(%9) +f 4) 


= 0(1) uniformly in m as 6 — 0, if  C E(L, f). 


I; 





Moreover, by the Riemann-Lebesgue theorem, for a fixed 6, 


ho A 
[v0 SOB at = oft) 08 n> =, 


and therefore, for a fixed 6, 


I. = o(1) asm— o, 


I 


From this it results that 
I, = o(1) asm— o~, 
and hence 
Gm(x) = f(x) + o(1) asm— ~, 
Therefore the method (N, 7) is (L)-effective. 
8. However the method (N, p,) is not (L’)-effective. Indeed consider the 
function: 


, 
Tv 
0, ltl So, t=T, 


rv) =< 
I) sgn z, 5 < lel <7, 


(f(t +2r), —~ <4r<o. 


For this function f’/(0) = 0, and x(t) = 2f(t) at x = 0. Hence xo(t) = 0, if 
|t| < 7/2, and the point x = 0 is (L’)-regular. Also a, = 0, 
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(0, n =0(mod 4), 
1, n=1(mod 4), 











b, = —+ 
nx |—2, n= 2(mod 4), 
(1, n= 3 (mod 4), 
and 
(0, n= 0 (mod 4), 
8’) = 24) n = 1(mod 4), 
™/—1, n= 2(mod 4), 
(0, n = 3 (mod 4). 
If m = 1 (mod 4) 


: 1 [m/4] : 
Om(0) = P,, x San41(0) = 
and hence o,,(0) cannot tend to f’(0) as m > . 
Finally we show that the method (N, p,) is not (L’)-effective. We consider 
the function: 


a 1b 


fo, lel s, 
| 
FO) =\1 Fe lel 
2 
f(e@+2r), —x <a<o., 
Atz = 0, g(t) = 2f(é). Consequently go(t) = 0, if | ¢| < «/2 and, 


TO = — 5 [ ” ¢()(sin t/2)2 dt = — x / é (sin t/2)-* dt ¥ 0, 


is finite. Therefore the point z = 0 is (Z’)-regular. Also b, = 0, a = 1 and 
( 0, n=0O(mod4), #0, 
. gi |-l, n=1(mod 4), 
nr) QO, n = 2 (mod 4), 
L 1, n=8 (mod 4). 








Therefore 





( 0, n = 0 (mod 4), 
—1, n = 1 (med 4), | 
—l, n = 2 (mod 4), | 
. 0, n = 3 (mod 4). | 
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If m = 0 (mod 4) 


1A, 
Gm (0) = P,, San (0) = 0. 


m n=0 


Therefore ¢, (0) cannot tend to f’(0) and the method (N, p,) is not (L’)-effective. 


III. On Two THEOREMS oF Harpy AND LITTLEWOOD 
9, As mentioned in the introduction we have given that y < 1, A > 1 and 
(3.01) a(t) LOast—0, a(t)t-® — © ast— 0, for every B > 0, 


and we wish to construct a function f(x) such that at + = 0 


(3.02) a, = O(n), 

(3.03) we / ‘| du’ ou) | = 00), 
and 

(3.04) gilt) = o(ta(é)) , 


but such that the Fourier series of f(z) does not converge at x = 0. We may 
assume without loss of generality that 


(3.05) a(t) = o(1/log 1/2) , 


for if (3.04) is satisfied for a given function a(t) it will be satisfied for every : 
function which decreases more slowly than a(é). 
Let 5 be chosen so that 1 < 6 < 2. We define the set of integers 


m= 5+ n= nis[n iri + nil 


where 7; = 1 or 2 is chosen so that [n’—=} + 7] is odd. These integers have 
the properties, 


(3.06) n; > 2°, n: = e;n'_, , where e; > 1, and e; > 1,as;— ©. 


We introduce the sequence of points x; = 7/2n;. A function F(z) is defined by 
recursion as follows. Let 


(3.07) F@)=0, as |2|S2; 
(3.08) F(z) =dyzcosnaz, 25 |2| < rin, 
where 


a(z,), if 








1 [ F’(t) sin (ni + as “ | 
(3.09) d; = T 2ij~1 sin t/2 


0, otherwise ; 


(3.10) F(0) = 0. 
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It is easily seen from (3.09) and (3.05) that 
d; = o ((log n;)-*) = o(6-*) 


and therefore, since 6 > 1, 
(3.11) > 4; 


converges. The function F(x) is continuous, for since z;; is an odd multiple 
of r/2n;, cos ni-1 = 0, and F(z) ~0asx—0. It is clear that F(x) is abso- 
lutely continuous on every interval (¢, 7), « > 0. Moreover it is absolutely 
continuous on (0, 7) for 


[role => [1P@ la 


= 7i-1 
= > d; | — rn; sin nx + cos nw | dx 
t=2 2; 


(3.12) 
on o( dj(x?_, mn; + 1) 


= (> d(ni-? + nj, ) = O(1). 
i=2 


It should be remarked here that by the Riemann-Lebesgue theorem it can be 
seen that there will be an infinite number of non-zero d;. The function f(z) 
is then defined by, 


(F(x) , —rstsr, |2| #2, 
fw@+0), 2t=%, 

f(z — 0), t=—TZ; 

f(a + 27), —o << om, 


(3.13) f(z) = 4 





10. To estimate ¢,(t) we observe that f(0) = lim * F() = 0 and therefore 
z—0 
at zx = 0, 
(3.14) g(t) = 2f(i), gi(t) = 2 F(t). 


Hence 


[iw dt = 2F(r) —2F(—7) =0 


Tr 


and 


loi(t)| S$ 2dt S2teX(e) west <a. 
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Since a(t) | 0 as t > 0 we have 


(3.15) gilt) = o(ta(t)) ast 0. 
11. To estimate a, we define for every n 7; = 7:(n) as the largest integer such 
that ni, S n/2, and i2 = %2(n) as the smallest integer such that n;, = (n/2)’. 


It can be seen from (3.06) that 72 — 7: 2. We define j = j(nm) byj = 4,41. 
Then 


(3.16) dna = af f(z) cosnzdx = >> i 2) cos nx dz. 
0 +=2 zi 


Now 


— po f(x) cos nx dx = ofa, [° (n; x + 1) az) 


= O(d; 2?_, nj + 2%j1d;) = o(n}-?? +. nj7'/*) = o(n* 24 + n) , 


If n; ¥ n, we have 


2i-1 2-1 
/ f(z) cos nz dx = di i {— xn; sin nx + cos nix} cos nx dx 
zi z 


i 


- “4 I “i {an;[sin (n — n,)x — sin (n + n:)x] + cos (n + ni)x + cos (n — n,)x} dx 





t| & 


:[an;cos (n+ na xn; cos(n — ae] 
n+ nH n— nN; 


zi 





(n — n)? (n + 1)? 


-[n; sin (n — n)x 0; sin (n + ee 


-t- 
bo| & 
— 


zt 











;[sin (n — nx , sin (n + nz |? 
a—- 1% n+n 


“}- 
|= 


i) 


If 


Hn) + Jn) + In). 
tS ty, 
Ni at. 9 
naln £m) o("=!) oer. 


and 


Nn n ait 
(nn)? (%) rect 
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Therefore, if 7 S t, 
Hn) = Odn**), = J(n) = Odin) 


and 
6.18) Y (Han) + Jn)} = O(n » i) = O(n). 
Ifi = 72 and n is sufficiently large 
1; 
—__—__~. = O The == —1 
Bacay 7 O-) = 06 
and 
a. ae oe Ce oe —1 
(n + nj)? OW (On~) ; 


so that for 7 = 72, and n sufficiently large, 
Hin) = O(dn-), Jin) = Odin) 


and 


(3.19) > {H(n) + Ji(n)} = O(n > as) = o(n) 


i=ig i=ig 


Finally if ¢ * j and n is sufficiently large, |n + ni | = n/2 and|JIi(n)| S 


2d;/n. Hence 

t=2 1=i9 t=2 
Combining (3.17)—(3.20) we have 
(3.21) Gn = O(n + nt? 4+ nM 4 ni) = O(n”) 


ffl <6 S$ 2/(y +1). 


12. We pass on to the estimation of ¢,(t). Since 
(3.22) u*o(u) = 2dwu*{— un; sin nu + cosnwu} 2; Su < eH, 


we(u) is absolutely continuous on the interior of every interval (x;, 2:1). 
Let S(u) be the saltus function of u“g(u); it will of course have jumps only at 
the points 2; and 





J(z;) = S(a; + 0) — S(a, — 0) = -— Qd.nwa*** + Qdiziniysrs* 
= O(d nisin; **) = O(dn*?~*~*) ° 


(3.23) 


phe i 
: 
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The function 
E(u) = u*y(u) — S(w) 

is absolutely continuous on every interval (¢, 7), « > 0, and, as will be seen, 
is absolutely continuous on the interval (0, 7). We have on the interval 
(xi, Zia) 

E(u) = {u%e(u)}’ 

= 2d;{— niu**! cos nu — (A + 1)na* sin nw — ny‘ sin nyu 
(3.24) + Au“! cos nyu} 

= O(d{nixit! + nat_. + iri 

= O(dj{n?s*! + niz4 + nich) = O(dn?’*"). 


Let us suppose that 7; St < xi1. Then 


‘dete |= Ze 1I@d1 + Dy feo de 


ss 7=it+ 


(3.25) 
+ [lew ua ht hth. 


But, if 6 S$ A, from (3.23) 


I(t) = O ( > d; nj*) = o(n;') = o(t) 


J=1 


and ifé s at-, : from (3.24) 


I(t) = o(. > d; nyt) = o(n;") = o(t). 


j=it+l 


Finally, if 6 Ss ot 


I;(t) = o( | ttc") = o(t). 


Therefore, if 6 < ‘ ; ;. ga(t) = o(t) ast > 0. 





13. Now we shall prove that the Fourier series of f(z) does not converge at 
x= 0. We use the formula 








on, 
val 


U 
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*/ 5 sin (n; + 1/2)t di 





S,(t) sin t/2 


le el 
mw Jo sin ¢/2 











_ cos t/2sin (n; + 1/2)t di 
2 sin? ¢/2 





(3.26) —— , 
ag i F(t) (ni + 1/2) 008 A + 1/2)t dt 





it cos t/2 sin (n; + 1/2)¢ 
Mg 2r % PO) sin? ¢/2 ” 


oF a sin (n; + 1/2)t 5, _ 
+. f® sin /2 d@=h+h+hs34+h. 





By (3.09) sid 

(3.27) l\I,| <1, 

ifd;~ 0. Also 

(3.29) i= on i it) = o(l)asi—o. 


Since d; = o((log 1/z;)~), 
zi-— / _ 
(3.29) a O(a [ ) - (ai *) =o(l)asi—> o. 
z t Vi-1 


i 


Finally 





re. 1 i site F(t) (ni + 1/2) (cos nt cos t/2 — sin n;t sin t/2) a 
zi sin t /2 





wee 2 i-1 F() cos mst at + (1), 


TT 


and for 7 sufficiently large, by (3.09) and (3.01) 


1-6 


1\ 2% : 
i> (2) , fh, 


Ni 
so that, for such 7, 


Zi-1 
i= — 2a | n; cos? n; t dt + o(1) 
T 2; 








(3.30) -—< di ni hig (1 + cos 2 n; t) dt + o(1) 
Tv zy 


=— Ste o(1) = — te ni! +o0(1) > — asim. 
TT 
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Therefore 
S,,(0) ~ —w ast ow, ifd; #0 


and the Fourier series of f(x) does not converge at x = 0. 


Brown UNIVERSITY. 
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DIVISION BY NON-SINGULAR MATRIC POLYNOMIALS 


By Merritt M. FLoop 
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1. Introduction. A matrix P, whose elements are polynomials in a scalar 
variable \ with coefficients in a commutative field, may be written in the form 
P = )o?-9P ad‘, Pp ¥ O, and is called a “‘matric polynomial” of “degree” p (or 
simply ‘‘polynomial” when there is no ambiguity). It is sufficient to consider 
the “constant” matrices P; square and of the same order 0. 

If D = >04~)D,d‘, | Da | ¥ 0, is a second such polynomial, it is well known! 
that there exist unique matric polynomials Q, R, Q', and R', of which Q and Q! 
are each identically zero or of degree p — d and R and F' are each of degree less 
than d, such that P = QD + R = DQ'+ R'. K. Hensel? has extended this 
result to the case in which | Da| = 0 but | D| #0. J. H. M. Wedderburn 
notes that in this case the quotient and remainder are not necessarily unique and 
the degree of the quotient may be greater than p — d. These results follow 
readily from those given in this paper. 

In his lectures on matrices at Princeton University Professor Wedderburn 
proposed this exercise: Given any non-singular matric polynomial D, to find 
the degree of the matric polynomial H of minimum degree, such that HD has 
the same degree as D and also has a non-singular leading coefficient. Its solu- 
tion is included here but is incidental to this study of the division transforma- 
tion to which it led. I take this opportunity to thank Professor Wedderburn 
for the interest he has shown in this paper by reading the manuscript and for 
helpful suggestions made as it was being written. 

In the first part of this paper it is my purpose to show how all divisions of a 
matric polynomial P by a non-singular matric polynomial D may be found. A 
linear basis will be found for the quotients and some properties of the quotients 
and remainders thus found will also be given. It is sufficient to consider dextro- 
lateral division. In the second part of the paper a canonical form is given for 
a matric polynomial subjected to elementary transformations by constant ma- 
trices and a close study is made of the linear case with its connection to the 
division transformation. 


2. Notation and definitions. An uppercase Roman letter with or without 
superscripts will only be used to denote a matric polynomial and the correspond- 
ing lower case letter with the same superscripts will denote the degree of the 
polynomial. We will write D- = >=, Dzd* and D* = 5°3*, D3 where D- 





‘Wedderburn, J. H. M.: Lectures on Matrices, p. 21, 22. American Mathematical 


Society Colloquium Publications, Vol. 17, 1934. att, 
* Kronecker, L.: Vorlesungen tiber Determinantentheorie, Vol. I, p. 364, Leipzig 1903. 
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and D* denote the adjoint and determinant of D respectively. The rank of D 
will be denoted by p{D} and the degree of D will be denoted by 6{D} as well as 
by d. 

We will denote by Q™ and R” the classes of all polynomials Q?4« and Rr?<, 
respectively, which satisfy the relations P = Q>?*D + Rv, 6{ R42} < §{D}. 
(The range of a is not necessarily denumerable). Any such relation is called a 
“dextro-lateral division of P by D” or simply ‘‘division of P by D.” 

The polynomial D is “proper” if Du is non-singular.’ D is “strictly proper’ 
if Da = 1, the identity matrix. 

We say that “‘D is left [right] proper with C” if DC [CD] is proper. “D is 
strictly left [right] proper with C”’ if DC [CD] is strictly proper. 

We say that ‘“D left [right] reduces C” if 5{DC} <c [6{CD} < c]. The 
meanings of “properly left [right] reduces” and “strictly properly left [right] 
reduces” are evident. The class of polynomials R* which left reduce D will 
be denoted by R?. 

We say that ‘‘D is left [right] associated with C’’ if 6{DC} = c [6{CD} = ¢] 
and DC [CD] is proper. Also, “D is strictly left [right] associated with C” if 
5{DC} =e [8{CD} = c] and DC [CD] is strictly proper. The class of poly- 
nomials A’ which are strictly left associated with D will be denoted by A‘. 

The quantity d + d- — d* will be called the “deficiency” of D and will be 
denoted by A{D}. 


3. Existence of division for non-singular polynomials. 

(3.1) TuetoreM. If P is any matric polynomial and D is any non-singular 
matric polynomial, there exists one and only one pair of matric polynomials Q?® 
and R° such that P = Q??D + Redo, prd0 < d, and 6{R7°D-} < d*. (Of 
course we suppose d* > 0 so that D is not a unit.) 

Proor: There exists one and only one pair of polynomials Q and R such that 
PD- = QD* + R where r < d*. If both members of this equation are multi- 
plied by D and divided by the non-zero scalar polynomial D* we obtain 
P = QD + (RD/D*). Since (RD/D*) is necessarily a matric polynomial and 
of lower degree than D the truth of the first part of the theorem is apparent 
when we set Q?2° = Q and R»° = (RD/D*) and the second part follows imme- 
diately. 

(3.11) Corotiary. gq? = 6{PD-} — d* if and only if 6{PD-} = d*. 
(3.12) CoroLtutary. Q?? = 0 if and only if 6{PD-} < d*. 


4. Determinations of all divisions of P by D. 
(4.1) THzorEem. [If T is the class of all strictly proper polynomials T° of degree d, 
and tf Q is the class of all quotients Qt’ obtained by dividing each member of T by 
D, then Q = A*. 

Proor: Obviously Q C A*. Now we may write A“#*D = T* CT. This 





* MacDuffee, C. C.: The Theory of Matrices, p. 45. Ergebnisse der Mathematik, vol. 5, 
1933. 
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gives T'*D- = A%*D* and it follows by (3.1) then that A‘ C Q. The theorem 
now follows since both Q C A?¢ and A? Cc Q. 
(4.11) CoROLLARY. a’* = A{D}. 
(4.12) CoROLLARY. ASP ei DG-/ DB . 

We may now find all divisions of a polynomial P by a non-singular poly- 
nomial D. Set T° = d¢ and T? = QY’??D + R740, 
(4.2) TozorEM. If P and D are matric polynomials, D non-singular, then all 
divisions of P by D are given by 


P = (Qro 4 Qi” a0 ra Q#°) D + (Redo _ [Q«r” 40 = Q!°#)D) ; 


Proor: We may write P = Q?°D + R»° by (3.1). Obviously, the equa- 
tions of the theorem constitute divisions of P by D. Suppose now, that 
P = MD + N, n < d, is any division of P by D. Certainly then, 
(M — Q?*°)D = (R40 — N) and since 6{R74° — N} < d the polynomial 
(Q° + M — Q?4°) must belong to A’. We may now set Q'%40 = Qiao 4 
M — Q”° and therefore M = Qr#? 4 Qt®do _ Qed — Q?4” and N = Reo + 
(Q4° — Q¢*4°)D = R47 and the theorem follows. 

In particular, to find all polynomials which left reduce D we only need to 
set P = 0 in (4.2) and find the class Q7?. A simple method for actually con- 
structing the set R¢ is contained in the following theorem: 

(4.3) TozorEeM. If, for (i = 0,1, --- , d), P' = X,, then the polynomial R C R4 
if and only if there exist constant matrices M; such that R = } Bee MQ?" and 
we may say that the polynomials Q?**° form a “linear basis”’ for the set R*. 

Proor: It is clear that any linear combination of the polynomials Qrido 
belongs to R*. Now if R C R¢ we may write 
RD = M = >3=} M; [QD + Rr], Since 6 {>>7=5 M; R°™™®D-} < d* 
it follows by (3.1) that >) 725 M; Q?° = Q-” = R and our proof is completed 
(4.31) CorotLary. Q?*° = 0 if and only if d > A{D} and for (a = 0,1, --- 

d — 1 — A{D}). 
(4.32) Corottary. g?*° = a — d + A{D} if and only if a = d — A{D}. 


d 
(4.4) Lemma. (i) > Dz Q??® = 1 
p=0 
and 
d 
(ii) ye Ds Rao =0Q0. 
p=0 
Proor:D = )-g.5 Ds ® = Digno Ds (Q?**D +4 Rrht) = 


(Di5=0 Ds Qrea) D 4+ (Soo Ds R°P#*). Since 6{ Ug-o Ds R°*D-} < d* 
it follows immediately by (3.1) that }>4-5 Ds R?*#? = R#° = 0 and 


g=o Dg Qred0 — Qado — |, 
As a matter of fact, if we set E = P*D, then A{E} = A{D} and R4 = R* for 





‘ This proof is due to J. B. Rosser. 
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all positive integral values of x, so we may suppose z so large that e = A{E} 
and e* = e~ = A{E} and it is sufficient to consider the case in which this is 
true. Now set B* = Qe “Fito and Ve = (Sooo Ev—asg ) for 
(k = 0,1,---, A{E}). It follows immediately from this definition of B* for 
(k = 0,1,--- , A{H} — 1) and by (4.3) and (4.32) that the polynomials B# 
form a linear basis for the class R° = R?¢ and are of degree k. 


(4.5) Lemma. Bit, = Be™; for(OSkS mS A{E};0 578%). 
Proor: We dine see from, the defiuition of BY hat yete—alel ge BeE* + 
Re*te—Al#le F- for (k = 0, 1, , A{E}) and from this }°¥_, [E7-_, — 


> sg BE; Binal? = 0. ‘Mitins 
(4.51) Ej, — Done Bg®; Bess, = 0 for (& = 0, 1, ---, A{E}; 
h = 0,1, --- , k) from which it follows that 


Dono (Bet; — BS@;] F24;-, = Ofor(0 Sk Sms A{E};0S h Sk) 


and since E*. ~0 our lemma follows. 
(4.6) THEorem. The polynomials V* for (k = 0,1,--- ,A{E} — 1) form a 
linear basis for R°. 

Proor: It is easily seen that V* C Re¢ for (k = 0,1, --- , A{F} — 1). It 
only remains to show that there exist constant matrices M} such that Bé = 
yet! Mive? for = 0, 1, --- , A{E} — 1). Now if we multiply 
z ey sas ae by \*-* and sum on h from 0 to k we get, by means of (4.5), 


a : Bi«,?* PF E*54-+-p ” and this may be written in the form 


p=0 B=0 


(4.61) Ve = > Be-eR*.. ‘for (k = 0,1, ---, A{F}). 
a=0 

Since E?. ~ 0 the matrix of this set of equations is non-singular. Hence they 
can be solved to yield the result desired and our proof is complete. 
(4.7) Turorem. If D is non-singular, division of P by D is unique if and only 
if D is proper. 

Proor: We need only show that the division is not unique if D is not proper. 
This follows immediately since P = Q?D + Rr and P = (Q?* + D;-) 
D + (RR? — D7-D) are distinct divisions of P by D. 


5. On the degree of the quotient. 

(5.1) THEorem. If Dis non-singular, gr??? = q?* for all values of y if and only if 
either: (7) qg?4? => A{D}, or (ii) gr? = A{D} — land p{Dj-} < p{||Dz-| Pall}, 
where P! = PD~ and || M | N || denotes the 20 by @ matrix whose rows are the rows 
of M and N. 

Proor: The theorem is obviously true if A{D} = 0. If qr? < A{D} -—1 
then the polynomial Q»? + V*4!?!+! Cc Qpd and is of degree A{D} — 1. 
Also if g?° > A{D} — 1 it follows immediately from (4.12) and (4.2) that 
gre = gr, Finally, if g° = A{D} — 1 we must have q?4* = q?? for all 
values of a unless there exists a polynomial Q‘* such that 
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pao t8a0 t°d 0 
Qrodo + Q'8a0_, - Q. rao_, = 9: 


We find that this is possible if and only if there exists a constant matrix 7%_, 
such that T3_,Dqz- + P}: = 0. This is possible if and only if® 


e{Da-} = ef || Da-| Ppl}. 


(5.11) Corottary. If Dis not proper but 6{PD-} = p + d- then qt” = qr?” 
if and only if qr??? = A{D}. 

(5.2) TuzorEM. If P is proper and D is non-singular but not proper, then gq??? = 
g® for all values of y af and only if p 2 d. 

Proor: (i) If p 2 d then 6{PD-} — d* = p — d+ A{D} = 0580 by (3.11) 
gq? = p —d + A{D} = A{D} and so by (5.1) g*7 = q??® for all values of y. 

(ii) If g?¢y = gq??? for all values of y, then by (5.11) g#° = A{D}. By (3.11) 
and (3.12) either Q?*° = 0 or g??° = p — d + A{D} according as p — d + A{D} 
is negative or not. But Q??° = 0 is clearly impossible if g?¢7 = q??° for all 
values of y since D is improper. Hence we must have q??° = p — d+ A{D} 
> A{D} from which we see that p 2 d and our proof is complete. 

(5.21) Corotuary. If Dis not proper but 6{PD-} = p+ d- then gq” = qr” 
for all y only if p 2 d. 

Proor: Precisely the same as that for the second part of (5.2). 

(5.3) Lemma. Jf D* ¥ 0 and B #¥ 0 then 6{BD} 2 b+ d — A{D} and the 
equality will hold if and only if 6{ BD*} = 6{BD} + d-. In particular, then, the 
equality will hold if BD is proper. 

Proor: If we set BD = M then BD* = MD~ + 0 so that b + d* = 
5{MD-} Ss m+ d-, and the equality holds if and only if 6{M@D-} = m + a-. 
The theorem follows. 

(5.4) THnoremM. Ifp =dthnp—ds'g™ Sp—d+A{D}. 

Proor: From P = Q?*7D + Rr, re4y < d, we have immediately Q?47D* = 
(P — Rr47)D-, 6{P — Rr7} = p. Then, since neither Q?*” nor D* is zero, we 
must have 


(5.41) | gry = 8{(P — Re™)D-} — at. 


Hence, by (5.3), g?47 = p + d- — A{D} — d* = p — dwhich shows the first 
part of the theorem. The second part follows similarly from (5.41) since 
5{\(P — Re4”)D-} Ss pt+a. 
(5.5) Lemma. If DB is proper, then A{D} = A{B}. 

Proor: Set DB = T. Then D*B = D-T and DB* = TB s0 that d* + b = 
d~+tandd+ b* =t-+b-. The lemma follows. 
(5.6) Turorem. If p = d + A{D} then yg? = gr. 

Proor: By (5.3) and (5.5) our first hypothesis yields the relation 6 {PD~} — 
d*>p+d— A{D-} — d* = p—d2z A{D}. Soby (3.11) it follows that 
q’ > A{D} and now by (5.1) that q?” = qr. 





* Frobenius: J. reine angew. Math., vol. 84 (1878), p. 8. 
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6. On the remainders. 

(6.1) THzorem. r?47 > d — A{D} ify ¥ 0. 

Proor: Since y + 0 we must have as a consequence of (3.1) that 6{R47D-} = 
d*, But clearly 6{R?*xD-} S rey + d- and so combining these inequalities 
rely > d* — d- = d — A{D}. 

(6.11) Corotuary. If re47 < d — A{D} theny = 0. 
(6.2) THeorem. Jf 6{R°D-} = re? + d- or if Rr = 0, then rP? < rear if 
y ~ 0. 

Proor: By (8.1) it follows that r?*° + d- < d* and therefore r??° < d — 
A{D}. Hence, by (6.1), 79% < r?47 ify # 0. The theorem is obviously true if 
Rr — 0, 

(6.21) Corotuary. If 6{R°D-} = rr??? + d- then r??? < d — A{D} and also 
A{D} < 6{D}. 

Proor: The first statement was proved in the course of the proof given for 
the theorem and the second statement is obvious since R?° is a matric poly- 
nomial and therefore r#° = 0. 

(6.3) THroreM. If 6{R°°D-} = r4° 4 d- and if L properly left reduces D, 
then r??° < 6{LD} and there exists a remainder R?*” which is proper. 

Proor: Set LD = S and then of course (S,)*  Oand s <d. Now by (5.3) 
s =1+d— A{D} so that s = d — A{D}. Now consider the relation P = 
QS + Rr, re° < s. From this we obtain the division of P by D: P = 
[(Q™*° — 1)L]D + [R™° + S] = Qr47D + Ry, Clearly r47 = s > d — A{D} 
and since R47 is proper it follows by (6.21) that R47 # R» and rr?? < d — 
A{D} so finally r??° < rr¢y = sg, 

(6.4) THEOREM. 1?4% < d*, 

Proor: The theorem is trivial if R7**= 0. If R7?* 0 then 6{(R7°D-)*} 
= rede 4 q-* — ppd0* 4 (9_1)d*, Ags a consequence of Theorem 3.1 we like- 
wise get 6{R74°D-)*} < 05{R#°D-} < 6d* and so our theorem follows. 


(6.41) Corotuary. If Ris proper then r?*° < d*/@. 


7. The associate forms of a matric polynomial. In this part of the paper 
we investigate the form which a matric polynomial takes when it is multiplied 
on right and left by non-singular constant matrices. We find that it is possible, 
by a suitable choice of these two matrices, to put the polynomial into a form 
where it satisfies a set of rather restrictive conditions. The method of proof is 
constructive so we may assume that the polynomial satisfies this set of condi- 
tions in any case where the nature of the problem is such that multiplication 
by constant non-singular matrices yields an equivalent problem. 

Let 6 and ¢ be any positive integers. Let g, for (k = 1, 2,--- , 6) be non- 
negative integers such that + gx =. Letefor(j = 1,2, --- ,y) besquare 
matrices of order g with unity in the j** row and column but zeros elsewhere. 
Finally, set 


9k 
(7.1) Ey = (z Co,+0,+ ve — — Cortogt +++ +0%_4 for (k = 1,2,---, ) 
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and as an immediate consequence of this definition we see that + a E, = 1 
and E,E, = 6x, where 6x, is the well-known Kronecker symbol. These prop- 
erties will be used frequently and without further comment. 

If B is any square matrix of order ¢ we may set 


(7.2) Bim = E, BE» for (h,m = 1,2,---, 8). 


In particular, if B = >) 3"_.. Bad* denotes a matric polynomial of degree b and 


order ¢ so that Be = Oif a > bora < 0 and B, + 0, we may define matrices 
Bitam, for (h, m = 1, 2,--- , 0) and k any non-negative integer, by the relations: 


Biitim = Borim = Ex, BrrEn 


i 
(7.3) Byram = By-rtim — ps [Ba-1%-j-140ha Bj-1 jam] 


a=1 
for (j = 1,2, ---,0;7 <k). 


(7.4) THEorEM. Jf B is a matric polynomial and g a non-negative integer, there 
exist constant non-singular matrices P and Q and non-negative integers gi. for 
(k = 1,2, ---,g + 2) such that the polynomial A = PBQ satisfies the relations: 


Axo t-1 mn = EEE, for (k = 1,2,---,g+1;m, =k,k+1,---,g+2). 


Proor: In case g = 0, we choose gi: = p{ Bs}, gg = ¢ — gi, and P and Q so 
that PB.Q = E;. Our theorem is satisfied by this choice of P and Q and this 
choice only for gx. 

We suppose the theorem true forg = t 2 0. Then there exist constant non- 
singular matrices P* and Q‘, and integers g; for (k = 1, 2, --- ,¢ + 2) such that 
A' = P'BQ' satisfies the relation: 


(1) Aj-2 t-1m0 = E,E;E, for (A= 1,2,---,t4+1;m,n 
iRise he Rican cf el. 


We set gx = gi for (k = 1, 2,---,¢+ 1), gere = plAjcesiczerye}, and giys = 
¢ — >> it? gx. We may choose constant non-singular matrices R and S such 
that E;RE! = E‘SE! = ESE! for (m,n = 1, 2,---,t+2;m, n,t +2 #) 
and Hi, oRA! 141 442 249SEi42 = Eye and we set P = RP* and Q = Q'S and 
A = PBQ. 

It follows from these definitions that 

Ao r-1 mn = Ab p-imn for (m,n = 1,2,---,¢+ 1). 


Now, the recursive relation (7.3) is of such a nature that any matrix Bjimn 
can be expressed entirely in terms of matrices Boas, and this relation takes the 
form of a sum, each of whose terms is a product of matrices Boas,. We write 
this relation as 


p 
(2) Biemn — yg Il BoyPrePo?,, ’ p= pj, k, m, n) 
Pp a=0 : 
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where, as a consequence of the form of (7.3), we necessarily have 
of = m,o2,, = n, 02 S jfor (a = 1,2, ---, p), 
and w2 < kfor (a = 0,1, ---,p). 
A simple application of these results yields 
(3) Ax-ee-tmn = Aj—e z—-imn for (kK = 1,2,--- ,¢ +3; 
m,n =1,2,---,#+1). 
Again, for (m,n = t+ 2,t4+ 3;k = 1,2,---,¢+ 3), we may write 


Pp 
I] Ao,2.262,,, p= pk—2,k—1,m,n). 


a=0 


/ 
Ap-ti-imn = Do 
Pp 


From this we obtain 


Ax—2k-1mn = By {Bab irsRE seb sgh 
Pp 


og: 


E,»RA S-spB eSB yaEo} 


Dp 
t / t , ’ ’ t 
= EnEt sR | I Ao,? oP ae SEi+2En 


, 


for p’ = p(k —2,k —1,t+2,¢+4 2). 


Hence A:tiimn = EnEiy2H, for (m,n = t + 2,¢+ 3). This relation com- 
bined with (1) and (8) gives 


Axp_ok-imn = EnE;E, for (k = 1,2,---,t+2;m,n=hk,k+1,---,¢+ 3) 


which is simply (1), the hypothesis of induction, with ¢ replaced by ¢ + 1, and 
the theorem follows. 
(7.41) Coro~tnaRy. gx = p{Axorite} for (k = 1,2,---,g +1). 

Any polynomial A which satisfies the conditions of this theorem we call an 
“associate form” of B of “grade g.” 


8. The associate forms of a linear polynomial. 

(8.1) THrorem. If B is any non-singular linear polynomial and A any asso- 
ciate form of B, of grade g = A{B}, then Do22)*" gi = ¢y, gatsjr1 F 0, and 
gj: = 0 for (k = A{B} + 2, A{B} + 3,--- 19 + 2). 

Proor: By definition, Aoimn. = Oif h > 1. It follows immediately that 
A; jth mn = Oif h > 1, for, suppose that A; js: mn = Ofor (j = 0,1,---, p< 
g + 2)ifh > 1. Then by (7.3) and this hypothesis follows 

p+1 
Api P+l+hmn = Ap pP+1l+h mn — a Ae-1 h+ta—-1 m ahs Ptlian = 0 
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and so we have shown 
(1) Ajj4n mn = Ofor (7 = 0,1, --- 9+2;m,n=1,2,---,g+2)ifh>1. 


It will be convenient to set 


(2) (kK —1lmn) = Aririzmnfor (k = 0,1,---, @). 

With these definitions, we obtain from (7.3) as a consequence of (1) 

(3) (kmn) = — Dok. (a — 1 ma)(k — Len) for (k, m,n = 1,2,---,9g + 2). 
We note now that D)4_, (2 — 1 ma\(k — lan). = Dot, (k — 1 ma) 


(2 — lan) if k = 1 and suppose it true for (k = 1, 2,---,p<g+2). This 
hypothesis, with the aid of (3), gives 


¥ (a —1ma)(pan) = (pmp+1)(pp + 1n)— Y (@—1ma)(8— 148) 


(p-16n) = (pmp+1)\(pp+1n) — d (a —1ma)(p— la p)(6-1 
pt+1 er 

Bn) = > (pm a)(a — lan) 

and so we have shown 

(4) (kmn) = — >>*_, (k — 1ma)(a — 1an) for (k, m,n = 1,2, ---,g9 +2). 


Since A is an associate form of B of grade g we may write 


(5) (& —2mn) = E,.E,E, for (k = 1,2,---,g+1j;mn=k,k +1, 


“99 + 2) ° 
+00 
Clearly A{A} = A{B}, and since B* + 0 there exists a polynomial V = )> 


a= —0 


V.A* of degree v = A{A} which is strictly left associated with A. Hence it must 
satisfy the relations 


k 
a ary for (k = 0,1, ---, »v) 


a=0 
and we may replace them by the equivalent set 


k g+2 
p> Vr—-aAor—apm = SkvLim for (k = 0, 1, -++,0; m = 1,2,---,g +2) 


which in turn, as a consequence of (1), become simply 


g+2 
p [Vii(—1 am) + Vv—441(0 am)| ad SivEm for (k ” 0, 1, soe, 
6 a=1 
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The theorem is obviously true if A{B} = 0 so in what follows we assume 
that A{B} > 0. Now the relation 
k g+2 
(7) _ Vy-8 (k — 8B —lam) = bp» m for (m = 1,2, ---,g + 2) 
p=0 a=k+1—B 


is easily verified fork = 0. We assume that it holds for (k = 0,1, --- , p < »). 
Since v S g, we may set m = k + 1 in (7) and get as a consequence of (5) 


(8) V,E, = 0 for (k = 1,2,---,p+1). 
If we set m = h — j + 1 in (7) and use (5) we get 

j-1 g+2 
Vj~fbian = — » Vo-y p* (h-1l—vyah —-j+)) 

y=0 a=h+1—y7 

for Gj = By By 4% HE h=j,j+1,---, p) 
andifk =h—j+landy=p+1 — B, this becomes 
pt+l g+2 
Vik=- 2s Vors—v-1 (k + 7 + B — p — 3ak) 

(9) B=pt2—j a=k+j+B—p—1 


for Gj =1,2,---,p+1; k=1,2,---,p+1—)j). 


For convenience, let us set 
pt+l g+2 


% =>, Yd Vis(p — Bam) for (h=0,1,---,p+1; 
B=h a=pt+2—8 
(10) 
= = 1, 2, “2,9 + 2). 
We may now rewrite (6) in the form 
g+2 


Qp41 +  * V.—» (0 am) _ Spat vim = 0 for (m = i 2, 89 oo 2) 
a=l 


and with the help of (9) this becomes. 


pt+1 m 
fictia~ 3 Vena >, 4 (8 —~2aA)\(A—1An) — dpi: En = 0 
B=m+1 A=1 a=s 
(11) 
for (n= 1,2,---,g +2; m=1). 
We suppose now that (11) holds for (m = 1, 2,---,7 < p) and from this, 
with the help of (4), we obtain 


pt+l 


e g+2 
Bing — 2,7 tse 2 4 (8 —2aA)(A—1An)—Vi-ri DO (ran) 
ae =1 a= a=r+2 
r g+2 
— Vi-prae DD > -— leaks «140 «i gk « th. 
A=1 a=r+l1 
ptl r gt2 
_ pats Vo-p-148 2 Dd (8-2 a@A)(A—1 An) + Vo-parlrr + 1) — bp410E n= 
£ a =, 
pt1 r+1 g+2 
Q-+- — fe: Vii.g-wg >, > C=— 204A —148) —S.r8. 08 
—? A=1 a=, 


for (n = 1,2, ---,g + 2). 








1€ 
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Since this last equation is simply (11) with m = r + 1 it follows by our induction 
that 


pt+l m gt2 
(12) Qp41—m = : Vv—p-148 ye b> (8 —2 a A) (A —1A n) sais Spit vEn = (0 
p=m+1 A=1 a=, 
for (n = 1,2,---,g +2;m=1,2,---,p). 
Now if we set m = pin (12) we get 
p g+2 
a=-V¥.2 2& &—1ea -—1A0) -3,4 5, = 0 
4=1 a=pt+l1 
and if we use (10) and V,E£,,; = 0 from (8) we obtain 
P gt+2 gt+2 
% — v.| > > (p—1lad)(A-1An)+ > an) | — dpiivoH, = 0 
A=1 a=p+2 a=pt2 


and with the help of (4) it follows immediately from this that 
Q = 5p41 vn for (n = 1,2,..--. 9+ 2) 
and since this is simply (7) with k = p + 1 it follows by our induction that 


k +2 
(13)  t.. Fo O2s- ew oem 
p=0 a=k+1—-8 


for (k = 0,1, ---,v;m=1,2,---,g+ 2). 


Finally, if we set k = v in (13) and use (5) we get Em = > o_o Vo-sEv4i1pE m 
for(m=v+1,0+2,-.--,g+ 2). From this it is clear that Z,, = 0 for 
(m=v+2,0+ 3,---,g + 2) and we have already seen that V,H,, = 0 for 
(m= 1,2,---,v). Hence V, = 9021] ViEm = VrE vu ¥ 0 and so E,41 ¥ 0 
which completes the proof of our theorem. 

(8.11) Corottary. If A is any associate form of the linear non-singular poly- 
nomial B of grade g < A{B}, then gj2 ¥ 0. 

Proor: We suppose there does exist an associate form of B of grade g < A{B} 
such that g,42 = 0. Then we may construct a new associate form of B by set- 
ting g, = gx for (k = 1,2,---,g + 2) andg, =O for(k=g+3,94+4,-:-, 
A{B} + 2). The polynomial A is still an associate form of B with this choice 
of g, but this situation clearly contradicts (8.1). 

(8.12) CorotLary. Theorem (8.1) holds equally well for any non-singular poly- 
nomial B provided By_, = 0 for (k = 2,3, --- , A{B}). 
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ON THE FACTORIZATION OF POLYNOMIALS TO A PRIME 
MODULUS 


By MorcGan Warp 
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1. Let 
A(z) = 2% — ayz%-! — aga’? — ....— ay 


be a polynomial in x with rational integral coefficients! and N distinct roots, 


a, @2, «++ , aw and let p be a prime which does not divide its discriminant. 
Then we have a unique factorization modulo p: 
(1.1) A(x) = Ai(x)Ao(z) --- A,(zx) (mod p) 


where the polynomials A ;(x) are all distinct, and all irreducible modulo p. I 
give here two formulas connecting the degrees of the polynomials A (x) with 
the powers of p dividing certain of the numbers 


N 
(1.2) Ag (A) = [[ (e2" —a,) = Res {x?" — x, A(z)}, n a positive integer. 
v=1 


These numbers have been studied recently by D. H. Lehmer in another con- 
nection.” 

2. Let % denote the residue class of all polynomials of degree N which are 
congruent to A(x) modulo p, and consider for each polynomial A’(zx) of the 
highest power of p which divides A(,)(A’) = Res {x®” — x, A’(x)}. Fora given 
value of n, this power is either zero for every such polynomial, or else a positive 
integer, which may be thought of as arbitrarily large if the resultant happens 
to vanish. If the power is not zero there clearly exist polynomials of 2 for which 
it assumes a minimum value. We denote this minimum by p, so that we 
shall have for some polynomial A’(zx) of degree N, 


Aw(A’) = p™ w, (p,w) = 1, A(x) = A(z) (mod p), 


while if A’’(z) is any other polynomial of degree N and congruent to A(z) 
modulo p, 


(2.1) Aw(A”’) = 0 (mod p™). 





1 This restriction will be understood in all that follows. 

? These Annals, vol. 34, July 1933, pp. 461-479. The notation A(n)(A) in place of the 
more natural A,»(A) is used for typographical reasons. With Lehmer’s notation our 
A(ny(A) would be written (—1)¥*1a"A pn_,(A). 
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THEOREM 1. The number Tx of irreducible factors A (x) of A(x) modulo p of 
degree M is given by the formula 


1 
(2.2) Tu = U > vd)auya- 
d|M 


THEOREM 2. If p“" is the highest power of p dividing A(n)(A), then A(x) has an 
irreducible factor of degree M modulo p when and only when the integer 
(2.3) su = >) u(d)uma 


dM 
is positive. 

In both theorems, u(d) is Mobius’ function, and the summation extends over 
all the divisors d of M. 

3. As an illustration, consider the algebraically irreducible polynomial 
A(z) = 2° — 223 + a? + 2x + 2 for the case p = 5. We find by direct compu- 
tation that the discriminant of A(x) is congruent to 2 modulo 5, while 
Aqw (A) = 4 modulo 5, Aq) (A) = 75 modulo 125. Hence r; = q = 0, 7% = q = 2, 
T, = 0, Tz = 1, so that A(x) has an irreducible quadratic factor (modulo 5), 
and no linear factors. Hence A(x) must be the product of an irreducible cubic 
and an irreducible quadratic, (modulo 5). As a matter of fact 


A(z) = (2? + 2)(@* + x 4+ 1) (mod 5). 


4. In order to prove theorems 1 and 2, we need a chain of lemmas some of 
which are familiar (for example lemmas 4 and 5), while others contain results 
of a certain arithmetical interest in themselves. In any event, none of the 
proofs offer any difficulties, and they are accordingly omitted here. 

Let F(x) be any polynomial, and p any prime such that F(x) # 0 (mod p). 
Denote by 7, if it exists, the least positive value of n such that 


(4.1) a" = 2 (modd p, F(z)). 


LemMA 1. x?” = x (modd p, F(x)) when and only when n is divisible by r. 
Lemma 2. If 2?’ = x (modd p, F(x)) and x?" — zx is not exactly divisible by 
F(x), so that there exists a positive integer s such that 


xz?" =x (modd p’, F(z)), x?’ £ x (modd p™, F(a)), 
then if q is any positive integer, 
xP? =z (modd p’*, F(x)), xP?” # x (modd p*', F(z)). 
Lemma 3. There exists no value of n for which 
2" =f (modd p, F?(x)). 


Corotuary 3.1. If the polynomial F(x) has a squared factor, (4.1) is impossible 
for any positive n, and any prime p. 

Coronuary 3.2. If the prime p divides the discriminant of F(z), (4.1) is 
impossible for any positive n. 
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Lemma 4. If F(x) is irreducible, modulo p, and if 
Any = Aq (F) = Res {x?” — z, F(x)}, 


then An) = 0 (mod p) when and only when x”” — x = 0 (modd p, F(z)). 
Lemma 5. If F(x) ts an irreducible polynomial modulo p of degree M, then 
the least positive value of n for which (4.1) is satisfied is M. 
Lemna 6. If F(x) is an irreducible polynomial modulo p of degree M, and if 
k is such that 


Ded = 2 (modd Pp’, F(z)), 


then one can find an indefinite number of polynomials F’(x) of degree M and con- 
gruent to F(x) modulo p such that 


z?* =z (modd p, F’(z)), z* £2x (modd p’, F’(z)). 
Lemma 7. If F(x) is an irreducible polynomial modulo p of degree M, so that 
by lemma 5, 
zh =a (modd p, F(z)), 


and if R is any assigned positive integer, it is possible to find a polynomial F’ (x) 
of degree M and congruent to F(x) modulo p such that 


ze“ =x (modd p*, F’(z)), ze“ £AZx (modd pF#, F’(z)). 
Lemma 8. If F(x) is an irreducible polynomial modulo p of degree M and if 
zP* =x (modd p*, F(z)), z* £x (modd p¥*, F(z)), 
then 
Aw(F) = 0 (mod p™™), Auw(F) #0 (mod p*¥*1), 


Lemma 9. If F(x) is a polynomial with no repeated roots, and if p is a prime 
which does not divide its discriminant, there exist positive values of n for which 
the congruence (4.1) holds. 

5. Let us return now to the congruence (1.1): 


A(x) = Ai(x)A2(z) --- A-(z) (mod 7p). 


By lemmas 6, 2 and 8, we can choose each A,(x) so that if Agn(Ai) = 
Res {z?” — x, A;(zx)} is divisible by p, it is divisible by p“ and no higher power 
of p, where d; is the degree of A;(x), and by lemmas 2, 5, and 8, Aun (Ai) is divis- 
ible by p when and only when d; divides M. We may write therefore 

Aan (Ai) = p™iw,, (p, wi) =1, (¢ = 1,2,---, r) 
where 


(5.1) qu; = d; if d; divides M; qu; = 0 otherwise. 
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Let the A;(z) be chosen in this manner, and let 
A,(x)A2(z) --- A,(x) = A(z). 
Then A(x) = A(z) (mod p), and the highest power of p dividing Aqw)(A) is 
(5.2) Qu = Qu, + Qu, + +--+ + Qm,- 
For 
Aw)(A) = Res {xP — zx, A(z)} = TI Res {er — x, A(x)} = 
Acn(Ai) «+» Aan (A,). 


I say that p™ is the minimal power of p dividing Aq (A’) for all polynomials 
A'(x) of degree N which are congruent to A(x) modulo p. 

For given any such polynomial, and any positive integer L, by Schénemann’s 
second theorem,’ there exists a decomposition of A’(x) modulo p* of the form 


A'(x) = A;(2)A2(e) --- A; (2) (mod p*) 


where A;(zx) is congruent to A;(x) modulo p, and of the same degree in z. 
Therefore, 
Aan(A’) = Aan(A;) «++ Aan(A;) (mod p*). 


If uu; is the highest power of p dividing Ajwn(A;), we infer that the highest 
power of p dividing Av (A’) is 


Um = Um, + Um, + +++ + Um, 


for the integer L may be chosen arbitrarily large. Since A ‘(z) is congruent to 
A,(x) and of the same degree, ua; = qu; So that uw = qu. 

Let T, denote the total number of irreducible factors of A(x) of degree d. 
Then by (5.1), (5.2) may be written 
(5.3) qm = y ie aTa. 

d|/M 

Our first theorem now follows immediately by applying Dedekind’s inversion 
formula to (5.3).4 


6. To prove our second theorem, we construct a Schénemann decomposition 
of A(z) itself modulo p* similar to that of A’(x) in section 5, obtaining succes- 
sively 


A(x) = Aj (x)A2(@) --- AT) (mod p’*) , 
Aan (A) = Ay(A1)Ay(A’) naa Ay(A;) (mod p") ’ 
(6.1) Um = Um, + um, + +*° + UM; 





* Fricke, Algebra, vol. III, Braunschweig (1928), p. 67. 
‘Landau, Vorlesungen tiber Zahlentheorie, vol. I, Leipzig (1927), p. 22. 
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where A’;(x) is congruent to A(x) modulo p, and of the same degree, and wy, is 
now the highest power of p dividing Ay(A’). 


By lemma 2, us; is zero unless the degree of A’;(xz)—that is, the degree of 
A,(x)—divides M. We may write then 


Uy = Sy + Sy 


where Sy is the contribution to the right side of (6.1) of all those irreducible 
factors A’'(x) of A(x) modulo p# of degree M, and S;, the contribution of all the 
factors whose degrees are proper divisors of M. ‘Thus Sy is different from zero 
when and only when A(z) has at least one irreducible factor of degree M. From 
lemma 2, it is clear that 
(6.2) Um = ps Sa. 

a|/M 
On applying Dedekind’s inversion formula to (6.2), we obtain our second 
theorem. 


7. If the factorization of A(x) modulo p is known, gy may bc calculated by 
(5.3), and the minimal property of g, gives us the congruence 


Auwy(A) = 0 (mod p””) 


In particular, if g,, is zero, A;y)(A) is not divisible by p. We given in conclu- 
sion a formula for A,(A) = Res {x” — x, A(x)} which is useful in numerical 
applications; namely 


WwW, ae Wo, Writ = Wi, " Wapw-1 — Wy, 
es Se 
Wain-1 _ Wy, Wain == Wy, . ‘a Wns2n—2 —_ Weon-2; 








Here (W) is that solution of the difference equation 
Qnon = AQaywe1 — A2Qnywe — +++ — Aw 
associated with the polynomial A(x) with the initial values Wo = 0, 
Wi = 0, W. = 0,---, Ww-2 = 0, Wy-1 = 1. 


The essential points in the proof of this formula will be found in a paper of 
mine in the Transactions of the American Mathematical Society.® 


CALIFORNIA INSTITUTE OF TECHNOLOGY. 





5 Vol. 35, July (1933), page 608. The element in the lower right hand corner of the 
determinant A(U) given there should read waz instead of ux, and similarly for the 
determinant on page 604. 








is 


ANNALS OF MATHEMATICS 
Vol. 36, No. 4, October, 1935 


RATIONAL METHODS IN THE THEORY OF LIE ALGEBRAS 
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Introduction. The present note gives a development by rational methods 
of that part of the theory of Lie algebras (infinitesimal groups) which centers 
around the Lie-Engel theorems.!| The main results are for the most part well 
known. The chief interest lies in the method, which consists of studying by 
elementary and direct means the relation between a Lie algebra and an envelop- 
ing associative algebra generated by it. The incidental machinery developed 
should be useful in rationalizing other parts of the theory. 

My interest in this subject was aroused by the lectures of Prof. Weyl. I am 
indebted also to Prof. Albert for collaborating with me in the early stages of 
this work. 


1. Preliminaries. We suppose that the underlying field F has character- 
istic 0. A Lie algebra over F is a linear space having a finite basis with respect 
to F, and having defined in it a composition of pairs of elements a, b resulting 
in the commutator [a, b] such that 


(1) a [a, b] = [aa, b] = [a, ab], [a + b,c] = [a, c] + [b, c], aeF, 
(2) [a,b] = —[b, a], —[a, [b, el] + [}, [c, al] + Ic, [a, b]] = 0. 


If B and C are linear sub-spaces of L, the linear space generated by the 
commutators [b, c], b e B, c e C will be called the commutator of B and C, and 
denoted by [B, C]. In addition to the usual rules of calculation with linear 
spaces, we note, as a consequence of (2): 


(3) [B, C] = [C, B], — [B,[C, Dj] < [C, [D, Bl] + [D, [B, Cl]. 


B is a Lie sub-algebra of L if B’ = [B, B]} C B. Bis invariant if [L, B] C B. 
The projection space L (mod B) of an invariant B is a Lie algebra. L’ = [L, L} 
is the first derived algebra of L, L’’ = [L’, L’] the second derived, etc. L is 
solvable if its derived sequence leads to 0, i.e. there exists an integer ¢ such that 
L® = 0. The nt power of L is defined by induction as L" = [L, L™"]. If 
L* = 0, L is said to be nilpotent. Evidently L** > L™ and hence if L is nil- 
potent, it is solvable. A Lie algebra is semi-simple if it contains no solvable 
invariant sub-algebra other than 0. If B and C are invariant, it is easily seen 
that their commutator [B, C] is also invariant. If S is solvable and invariant, 
and S-) + 0 while S® = 0, then S~ is an abelian invariant sub-algebra of L. 





1 For the usual proofs of the Lie-Engel theorems see H. Weyl, Darstellung kontinuerlicher 
halb-einfacher Gruppen II, Math. Zeits., 24 (1925), p. 375. 
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Hence we may say L is semi-simple if it contains no abelian invariant sub-algebra 
#0. The sum of two solvable invariant sub-algebras is easily seen to be solv- 
able and invariant. Thus there exist a unique maximal solvable invariant 
sub-algebra of L. We call it the Le radical of L. If L = LI, + Le where 
I, A Le = 0 and [Iy, Le] = 0, then L is said to be the direct sum of I; and Lz, 
L = 1,(+) Le. It follows that LZ, and Le are invariant in L. 

We recall that every Lie algebra admits a representation, the adjoint repre- 
sentation, defined by associating with every element a of L the following linear 
enmmens of L: 


x—2x' = [a,x] = (a)x where zeL. 


This is a representation in the sense that the correspondence a —> (a) is linear 
and [a, b] — (a)(b) — (b)(a). If we have any representation of a Lie algebra, 
we may consider the associative algebra generated by the transformations of 
this representation. We are led in this way to study the following situation, 
of which the above is a special case: a Lie algebra L is embedded in an algebra? A 
in such a way that the commutator [a, b] is realized by means of ab — ba which 
is defined in A. (1) and (2) then follow from the postulates for an algebra. 
We suppose also, as we may without loss of generality, that the sub-algebra 
generated by multiplication and linear combination of the elements of L is the 
whole algebra A. A will then be called an enveloping algebra of L. 


2. Semi-simple enveloping algebras and Lie’s theorems. Let L be a Lie 
algebra whose enveloping algebra is A. In this section we propose to in- 
vestigate the structure of L when A is semi-simple and we shall apply the 
results to obtain Lie’s theorems. Only the most elementary facts in the theory 
of associative algebras will be required. Besides the definitions, we need refer 
only to the theorem that an algebra, all of whose elements are nilpotent, is 
itself nilpotent.* This result will be used for commutative algebras in this 
section, and for these a trivial direct proof may be given. In the next section, 
however, we require the result for arbitrary algebras. 

Lemma 1. If M is an invariant Lie sub-algebra of L, and B and A respectively 
are their enveloping algebras, then AB and BA are invariant. If B is nilpotent, 
so.are AB and BA. 

We wish to show first that 


(4) ABC BA+B, BACAB+B. 


It is sufficient to show the first of these and because of the distributive law, we 
need to prove only that Il: --- lymyme --- m¢€ BA + B. Let[l,,m] = m’ eM, 
then l,m, = m’ + ml, and 





2 The term algebra will mean linear associative algebra with a finite basis over F in 
contrast with the term Lie algebra. 

* For a proof of this theorem see J. H. Maclagan Wedderburn, On hypercomplex numbers, 
Proc. London Math. Soc., series 2, 6 (1908), p. 91 or L. E. Dickson, Algebras and their 
arithmetics, p. 46. 
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L, +++ Lamy +++ m = L--- l_ym'me ---» m + I, --- L,_ymlme -- + mm. 


If we use induction on s and. t, we get the desired result. (4) implies that- 


ABA C AB 7 BA and hence AB and BA are invariant. From (4) follows also- 
(5) AB‘ Cc BA + B', BkA C AB* + B 


and from (5) 
(6) (AB) C AB‘, (BA) C BA. 


This equation shows that if B is nilpotent, so are AB and BA. 

Lemma 2. [f [l, m] = m’ is commutative with m, then m’ is nilpotent. 

The operation (’) defined by / has the formal properties of a derivative. It 
is linear and 


(myms)’ = [l, myme] = [1, mi]m2 + ml, m2] = mim, + mm, . 


From the commutativity of m and m’, we have g(m)’ = y’(m)m’ where ¢(A) 
is a polynomial with coefficients in F and y’(A) is the derivative of g(A). Now 
suppose g(m) = 0. There exists such a polynomial since A has a finite basis. 
It follows that 


e(m)=0, — g(m)m’ = 0, ++, @®(m)(m')*4 = 0,---. 


If the degree of g({) is h, then ¢(m) = h! and (m’)**— = 0. 

‘Any associative algebra A defines a Lie algebra in which [a, b] = ab — ba. 
A is its own enveloping algebra. We use the Lie algebra notation A’ for the 
derived algebra of A and denote the centrum of A by C. 

Lemma 3. C, = A’ 2 C is a nilpotent algebra. 
For, if c and c’ €C;, and c’ = [z, y] + [z, w] + ---, then 


ec’ = [cx, y] + [cz, w] + --- € A’. 


But cc’ e C also and hence C;, is closed under multiplication. Let tr (c) be the 
trace of c in the regular representation of A. Since c, c’, c’, --- € A’, tr (c) = 
tr (c?) --- = 0. Hence every element of C; is nilpotent and the commutative 
algebra C is nilpotent. 

Lemma 4. If A is semi-simple, C; = A’ ~C = 0. 

By Lemma 3, C; is nilpotent algebra. AC; = C;A is nilpotent and invariant 
in A. Because of the semi-simplicity, AC; = C:A = 0. But then C; is nil- 
potent and invariant. Hence C; = 0. 

Let S denote the Lie radical of L and A the enveloping algebra of L. In 
this notation we have 

Tueorem 1. If A is semi-simple, L = S (+) L; where S is abelian and Ly, 
1s semi-simple. 

We wish to show first that [S, L] = S* = 0. S*CL’CA’. If S*is ¥ 0, 
it is a solvable invariant Lie sub-algebra of L and it contains S; ~ 0 an abelian 
invariant sub-algebra of L. (S; may be taken as one of the algebras of the 
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derived sequence of S*.) Sz = [S:, L] has a basis of elements of the form 
s’ = [s, l] where se S andle LZ. By Lemma 2, these elements are nilpotent. 
Hence the commutative enveloping algebra B of S: is nilpotent. By Lemmal, 
AB is nilpotent and invariant in A. Hence B = 0 and S; = 0. Thus S, 
consists exclusively of elements of the centrum. This is impossible because of 
Lemma 5. Hence S* = 0. 

On account of Lemma 4, we may obtain an L* such that L = S + (L’ + L*) = 
S + Ih, where the spaces S, L’ and L* are independent. Ly, is a Lie algebra 
and [S, Li] = [1, S] = 0. Hence L = S (+) Ll, q.e.d. 

L, = L — Sis asemi-simple Lie algebra. It is a consequence of the structure 
theorem of Cartan that such an algebra is equal to its derived algebra. If 
we apply this result to L,, we have L; = L; C L’ and hence L; = L’, L = 
S(+) LZ’. We shall not require this stronger form of Theorem 1 in the sequel. 

The following is a generalization of a theorem of Cartan’s on absolutely 
irreducible Lie algebras of linear transformations :4 

THEOREM 2. If L is a completely reducible Lie algebra of linear transforma- 
tions, then L S (+) L’, S abelian and L’ semi-simple. . 

This follows directly from Theorem 1 and the proposition from general repre- 
sentation theory that the enveloping algebra of a completely reducible set of 
linear transformations is semi-simple. 

The following result is fundamental for Lie’s theorems on solvable Lie algebras: 

THEOREM 3. If L is solvable and N is the radical of the enveloping algebra 
A of L, then A (mod N) is abelian. L’' is a nilpotent Lie algebra contained in N. 

If l; = my, le = me (mod N), then [l,, 12] = [mm, m2] (mod N). Thus the 
elements of L taken mod N define a Lie algebra which is isomorphic with L 
(not necessarily (1 — 1)). We denote this algebra as L (mod N). It is solv- 
able and its enveloping algebra is A (mod N), which is semi-simple. By Theo- 
rem 1, L (mod N) is abelian and hence so is A (mod NV). For any pair of ele- 
ments l, lz € L, [li, le] = 0 (mod N), or L’ C N. Hence L’ is a nilpotent Lie 
algebra. 

Now suppose that the elements of the solvable Lie algebra are linear trans- 
formations of a vector space 9%. In the notation of Theorem 3 we have 
A (mod N) is a commutative semi-simple algebra. Suppose N* = 0 but 
Ns! 0. If Bis any sub-set of A, we denote the sub-space of 9 generated by 
the transforms of the vectors of % by the elements of B by BR. Denote N*R by 
MR, We have R.41 = 0, #, ¥ 0. From the associative law, NR, = Ri (l > &). 
Hence 


R>MW> Me > --- SR. > Rey = O. 
The spaces §t, are invariant with respect to A. For, 
AR, = AN‘R = (AN)N*'R CNR = Ri 
since AN C N. 





* KE. Cartan, Les groupes de transformations etc., Annales de l’Ecole Normale, 3rd ser., 
26 (1909), p. 148. 





rm 
nt. 


\w 





RATIONAL METHODS IN THEORY OF LIE ALGEBRAS 879 


Consider the transformations of A in the projection space 2, (mod Rear). 
If a= a’ (mod N), a, a’ € A, then ar = a'r (mod R41) where re Ry. Thus the 
representation of A determined by ®, (mod {;+1) is also a representation of 
A (mod N). In particular the transformations of N are 0 in ®, (mod §R;,4;). 
Let us choose a basis for ®, and supplement it to obtain a basis for %,_;, sup- 
plement this to obtain a basis for §,_2, etc. With respect to this basis the 
matrices of the transformations of A all have the form 


+ 


[QQ +++ Ay 
; do +++ Qo, 
(7) a= . 

¥ ar J 








where the a; are the representation matrices of A (mod N) in Ry: (mod ®,). 
In particular ifaeN,c, = ag =---a,=0. 

It follows from the general theory of representations of algebras that there 
exists a fixed algebraic field Z of finite degree over F such that any representa- 
tion of the semi-simple commutative algebra A (mod N) can be completely 
reduced into /-dimensional representations in Z. It follows that by choosing 
2 suitable basis in the space obtained from ®;; (mod §,) by extending the 
field to Z, the matrices a may be taken to have the form 


rat ) 7 


(i) 


(8) a; 








a’) 


L ri- 


We have proved in this way the results which are essentially due to Lie: 

TurorEeM 4. If L is a solvable Lie algebra of transformations, its matrices may 
be taken in the form (7). The matrices of L' then have a; = a2 = +++ = a, = 0. 
By transforming in an algebraic field Z over F we may take the a; to have the form (8). 


3. Engel’s theorem. We suppose again that the elements of the Lie algebra 
are linear transformations of a vector space . The characteristic polynomial 
Jal = r»* — y,(Dae + y2(l)A" — --- of a general element 1 of L will be 
called the characteristic polynomial of Lin. In a similar fashion we define the 
characteristic polynomial f(A | a) of the enveloping algebra A of L. The first 
coefficient (a) is called the trace of a in R. 

The trace of the elements of A can be computed from the characteristic poly- 
nomial of L. Since the trace is linear, one needs to compute only the trace of 
a single term such as il, --- 1,, where the 1; « L. We may suppose that the 
trace has already been determined for terms of (r — 1) factors or less. The 


form 4 tr (2*1,,1;, «++ l,,), the summation extending over all permutations of 








7 


— 
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lL, lz, --- ,l, is a symmetric multilinear form associated with tr (I): If 
mi, M2, --- , m is a basis for L, and 1 = Aym, + AzMe + --- + Ym, 1; = 
Ni? my + NY!) my + +++ + Nm, and 


tr (I) = by Wiség++ sip Ni, Ae, 22° Ni, 
then 
att ety Li, lig pte li,) ne pS Qin igs + sty MY AY? pe A”? 


tr (l") can be computed from y¥,(l), pe(l), --- and hence also the associated 
multilinear form can be computed. On the other hand, if [Ix41, |] = 1’, 


tr (l; cee Lp slesililise see l, _ l; le see l,) = tr (L; eee Leal’ laze ee L,) = yb 


and this involves only products of (r — 1) terms and so can be computed. 
Since any permutation is a product of transpositions, all the terms tr (lx, --- J:,) 
can be expressed in terms of tr (il2 --- 1.) and traces of terms involving (r — 1) 
factors. Hence 


(9) tr (i --- b) = itr ays a 


where w can be determined.® 

We apply this method to obtain a generalization of Engel’s theorem. 
THEOREM 5. [f the characteristic polynomial of L in R is d", then the enveloping 

algebra of L is nilpotent, and L is a nilpotent Lie algebra. 


We shall show that the trace of every element of the enveloping algebra 
A is 0. Assume this true for elements which are linear combinations of prod- 
ucts of r — 1 terms. We have w = 0 in (9). But tr (’) = 0 and hence the 


associated form tr (2*l,, --- li.) = 0. By (9) we have tr (, --- 1) =0. If 


a is any element of A, tr (a) = tr (a?) = --- = 0, and hence a is nilpotent. 
By the associative algebra theorem quoted earlier, A is nilpotent. It follows 
that L is a nilpotent Lie algebra. 


4. Applications to abstract Lie algebras. By means of the adjoint repre- 
sentation we may apply the above results to abstract Lie algebras (not neces- 
sarily contained in associative algebras). 

Theorem 3 yields 

THEOREM 6. The first derived algebra of a solvable Lie algebra is nilpotent. 

The adjoint representation of the solvable Lie algebra L is a solvable Lie 





* This trace argument was given by Prof. Weyl in his course on Continuous Groups, 
Institute for Advanced Study, Spring term 1934. It was also found by Dr. van Kampen 
at Hamburg, 1928, but has not been published previously. 
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algebra (L) of transformations. The elements of L’ correspond in this representa- 
tion to the elements of (L)’ the derived of (L). By Theorem 2 (L)’ is con- 
tained in an associative nilpotent algebra. Hence we have for some integer ¢, 
(li)(1) «+» (U,) = 0 for arbitrary 1; «(L)’. According to the definition of the 
adjoint representation, if Ll, — (Uj), then [Uj [I3[ --- [lz] ---] = 0, where z is any 
element of L.. Using this equation for z « L’, we have L”*' = 0. 

An element I of L is nilpotent if there exists an integer s such that the term 
of s brackets [U[I[ --- [lz] --- ] = 0 for any ze L. ‘ 

Theorem 5 becomes 

THEOREM 7. If every element of a Lie algebra L is nilpotent, then L is nilpotent. 

For if 1 > (2) in the adjoint representation, then 


[Ml --- [la] ---] = Ox = 0. 


Hence all the transformations of the adjoint representation are nilpotent and so 
by Theorem 4, the enveloping algebra of the Lie algebra of this representation 
is nilpotent, i.e. there exists an integer ¢ such that ()(/2) --- (4) = 0 for arbi- 
trary 1; Thus [L,[2[ --- [Laz] ---] = 0, or L‘#' = 0. 


Tue INSTITUTE FoR ADVANCED Srupy, 
PrINcETON, N. J. 
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CONCERNING THE DIRECT PRODUCT OF ALGEBRAS 


By J. L. Dorrou# 
(Received February 28, 1934) 


Introduction. A set of elements closed under two operations, addition and 
multiplication, is called an algebra provided that it is an abelian group under 
addition and provided that multiplication is associative and both-side distrib- 
utive with respect to addition.! It is the purpose of this paper to give a 
definition of the direct product of algebras which does not presuppose a baxis, 
but which gives the ordinary direct product in case the algebras involved possess 
bases,? and to determine the conditions under which the direct product of two 
algebras exists. 


1. Definitions. If X denotes a subset of an algebra A, then [X] will denote 
the additive group generated by the elements of X. If x1, 2, «++ , X are non-zero 
elements of A, they are said to be additively independent provided that >>; m,x; = 0 
(m; a rational integer) implies m;x; = 0 (i = 1, 2, --- , 17), otherwise the x; are 
said to be additively dependent. If for some r > 0, X contains r additively inde- 
pendent elements, but every set of r + 1 elements are additively dependent, then [X] 
is said to be of rank r; [0] is of rank 0. 

If A, B are subalgebras of an algebra C, the subalgebra AB of C will be said to 
be the primitive direct product of A and B provided that: 

1.1 xy = yx for each x € A and each y « B. 

1.2 If x1, ro, +++ , Xr} Yr, Yo, +++ » Ys denote additively independent subsets of A 
and B, respectively, then [x1 yi, 21 Y2, -++ 5 Y1Ys) «++ » Lr Ys) 28 of rank rs. 


2. The Characteristic of an Algebra. The condition 1.2 places a certain 
restriction on A and B individually. Suppose that for some reA (x ¥ 0) 
and some rational integer m > 0, mz = 0. Then my = 0 for each y ¢ B, for 
otherwise we have [myx] = [ymz] = [0] of rank 0 contrary to 1.2. Suppose 
further tbat m is the least positive integer for which mz = 0, then m is prime, 
for if m = pg, p < m, q < m, it follows that for some y e B py ¥ 0 or qy ¥ 0 
since otherwise the above argument shows that pr = gx = 0 contrary to the 
choice of m, but if py ¥ 0, gx ¥ 0 then [pygz] = [ypgz] = [0] contradicts 1.2. 

DeFInitTI0on. An algebra such that for each of its non-zero elements x, nx = 0 
(n a rational integer) implies n = 0 will be said to be of characteristic 0. An 





‘Cf. J. H. M. Wedderburn, Algebras which do not possess a finite basis, Trans. Amer. 
Math. Soc., vol. 26 (1924). 

? For a definition of the direct product of two algebras with finite bases, see L. E. Dick- 
son, Algebras and their arithmetics, Chicago, 1923. 
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algebra for which there exists some prime rational integer p such that px = 0 for 
each of its elements x will be said to have the characteristic p. 

What we have just shown may be stated as follows: 

If AB is the primitive direct product of A and B, then A has a characteristic 
and B has a characteristic which is the same as that of A. 

In §3 the following lemma will be required: 

Lemma. If A is an algebra of characteristic c, there exists an algebra A of 
characteristic c which has an identity and contains a subalgebra 1-isomorphic to A. 

Let A denote the set of all ordered pairs (n, x) where n is a rational integer 
and zeA. Let (n, x) + (m, m1) = (n + m, x + 2); (n, z)(m, x) = 
(nm, nt, + ma + xx) and let (n, x) = (m, 21) mean x = x, and n = m (mod. c). 
The subalgebra consisting of all elements (0, x) is 1-isomorphic to A and (1, 0) 
is the identity of A. 


3. TozorEM. If A, B are algebras, each having the characteristic c, then there 
exists an algebra C which is the primitive direct product of A and B. 

Proor. If A contains an identity let A = A; otherwise let A denote an 
algebra of characteristic c which contains A and has an identity. Let B denote 
an algebra similarly defined with respect to B. Let C denote the set of all 
expressions >”, (zi, yi) for every rational integer m > 0, where x; and y; range 
independently over A and B, respectively. Then, by definition, C is closed 
under addition. Let 


m n j=n 
> (z,, wh{ (x;, vo} = x (2,25, YiY;) 

iin: 1.97= 
so that C is closed under multiplication and multiplication in C is associative. 
Ift = >o™, (ai, ys) and 1, Jo, --- , J are additively independent elements 
of Bsuch that? [f1, Je, «++ , Jr] D [ys, yo, «++ » Ym) So that’ y; = >>, ange, 1S i Sm, 
then pn ow $ ty 4:4%:, Jx) will be called the expression of & in terms of 
jh, Jz, +++ ,9-. Consider a second element 7 = >.’-, (x;, y;) of C, we may sup- 
pose that [yi, ys, «++ , y,] also lies in [;, J2, --- , Jr], and let z;, 22, --- , 2 denote 
a second additively independent subset of B and such that [a, 22, --- , 2] D 
[v:, Jo, «++ , J], then £ and 7 bave the same expression in terms of the z; if, and 
only if, they have the same expression in terms of the j;. Let Je = Dip Op2> 
so that if }>{-1 (>>%=1 b,2;, J) is the expression of » in terms of the gx, then 
} i 4 k Uz Ay Zi; Z») and p ae (Fs bi, a z,) are the expressions in 
terms of the z, for — and 7, respectively. If £ and 7 have the same expression 
in terms of the 9, then >>; a,.2; = a b,x; (k = 1,2,---,7); multiplying 
both members of this equation by ax, and summing with respect to k we have 





* That such an independent set exists is a consequence of the fundamental theorem on 
abelian groups. For a proof of this theorem, see B. L. van der Waerden, Moderne Algebra, 
vol. 2, Berlin, 1931, p. 126. 

‘The ay are rational integers. 
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Dik Ue %pt; = Dojx Onerpz;, P = 1, 2, --+ , 8; te. € and 7 have the same 
expression in terms of the zp. Since the 9, are independent, the array of the a’s 
contains an r-columned minor whose determinant is not congruent to zero 
(mod. c) (c is the characteristic of A and B). Let a denote this minor. If we 
assume >>; 4 Qe %%,2; = Doin Oj, Opt; for1 S$ pS sand write %, = D>; a,z, — 
} bi,2 ; (k = 1, 2, --- , r) we have in vector notation 


a’ (Z), La, ++ » X,) = 0; 
multiplying on the left by (adj. a)’ we obtain 
| a| (41, Ze, Py , 2%) = 0 


and since | a| # 0 (mod. c), #, = 0, k = 1, 2,--- ,r so that € and 7 have the 
same expressions in terms of the 9,. 

CoroLuary. If ¢, 7 €C, Z and Y additively independent subsets of B in terms 
of each of which — and n are expressible, — and n have the same coprenmen in terms 
of Z if they have the same expression in terms of Y. 

If —&, » eC, = 7» will mean that ~ and 7 have the same expression in terms 
of an additively independent subset of B. With this definition of equality 
between elements of C it follows that addition in C is commutative and that C 
contains a zero element (0, y) = (x, 0) and the negative of each of its elements. 
Furthermore, if & = &o, &3 = &4, then & — &3 = E> a &4 and £1&3 = Eok, sO 
that sums and products in C are independent of the manner of expressing the 
respective summands and factors. That these last assertions are valid can be 
seen by observing that sums and products in C are unaltered when each sum- 
mand or factor is replaced by its equivalent expression in terms of some addi- 
tively independent subset of B. This completes the conditions that C be an 
algebra. 

The subalgebra A; consisting of all elements (x, 1), x ¢ A is 1-isomorphic to A, 
the subalgebra B, consisting of all elements (1, y), y « B is 1-isomorphic to B 
and C is the primitive direct product of A; and B;. If we denote by A, and B, 
the sets (, 1), @¢A and (1,9), Ge B, respectively, then C = A,B, is the primitive 
direct product of A; and A; and A, B, are 1-isomorphic to A and B, respectively. 


4. Relative Direct Products. If with an algebra A there is associated a 
field F so that ax = zaeA if xe A and aeF, and a(bx) = (ab)zx; 1x = 2; 
a(x + y) = ax + ay; (a+ b)x = ax + ba; a(zy) = (axr)y = x(ay), then A is 
said to be an algebra over the field F. 

Derinition. [f A, B are algebras over a field F and if C is an algebra con- 
taining both A and B, the subalgebra AB of C is called the direct product of A and B 
relative to F provided that: 

4.1 zy = yrifxeAandyecB. 

4.2 If x), x2, --- , x, are elements of A linearly independent with respect to F, 








oO mM 


CONCERNING DIRECT PRODUCT OF ALGEBRAS 885 


and y1, Ya *** » Ys are elements of B linearly independent with respect to F, then 
TyYry L1Y2% °° » L1Ysy +++ » Lr Ys are linearly independent with respect to F. 


TueorEM. [If A, B are algebras over a field F, there exists an algebra C which 
is the direct product of A and B relative to F. 

To prove this theorem we need only modify the argument in §3 by replacing 
additive independence by linear independence with respect to F. 


Tue Jonns Hopkins UNIVERSITY. 
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INVOLUTORIAL SIMPLE ALGEBRAS AND REAL RIEMANN MATRICES! 


By A. ApRIAN ALBERT 


(Received April 17, 1935) 
INTRODUCTION 


1. A Hilbert Irreducibility theorem. Any algebraic theory depends in part 
on the properties of its reference field . In particular it is generally desirable 
to know whether or not the Hilbert Irreducibility theorem holds in &. 

W. Franz studied? fields with this question in mind and proved that & is a 
Hilbert Irreducibility field if it is a separable algebraic extension of finite degree 
over a Hilbert Irreducibility field §. This is however insufficient for the theory 
of algebras over a modular field since the field may be inseparable’ over §. 

We shall treat this latter case here and shall show that any algebraic extension 
R of finite degree over a Hilbert Irreducibility field § is a Hilbert irreducibility 
field. Moreover this result will be a sufficiently good tool for the researches of 
later chapters. 


2. Involutorial simple algebras. The algebra 32 of all n-rowed square 
matrices with elements in the field € of all complex numbers is the most ele- 
mentary example of an involutorial simple algebra. If we let each matrix A of 
correspond to its transpose AY = A’ the correspondence J is an involution of I? 
in which the elements of its centrum € are self corresponding, and J is J-involu- 
torial of the first kind. Moreover 9 is J-involutorial of the second kind under 
the correspondence AY = A’ so that € = R(i), 7 = 7 = —i, Y = r for every 
real r. 

A more complicated special case is that of the multiplication algebra D of 
any pure Riemann matrix. C. Rosati‘ discovered the involutorial character of 
the division algebra D and thus obtained some of the elementary properties of 
J-involutorial division algebras.’ Subsequently the author® completely deter- 
mined the structure of D but his proof contained some highly undesirable com- 
plications due to the fact the necessary elementary properties of J-involutorial 
simple algebras had never been studied. This is but an instance of the more 
general observation that we may best study the properties of a division algebra D 





1 Presented to the Society, November 30, 1934. 

2 See the Table of Literature. 

’ Cf. Van der Waerden (1), vol. I, p. 113, for definitions. 
* Rosati (1), (2), (3). 

5 Rosati (3). 

§ Albert (1), (3), (5). 
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by studying the class of all simple algebras IQ X D. Let us then consider J- 
involutorial simple algebras over §. 

The above example of matrices with complex elements shows that the same 
algebra 2 may have entirely different involutions if the involutions of the 
centrum & of Y& are permitted to vary. Since these latter involutions are 
trivially determined’ it is sufficient to consider only involutions T in which 
k? = k’ for every kof R. We shall do this’ and shall prove that every such T is 
obtained by transformation 


by aregular quantity p = + p’ of Y. 

Any simple algebra % over § is the direct product of a total matric algebra I? 
by a division algebra D whose centrum & is the centrum of YX. If D is J-involu- 
torial then so is R and the algebra It may be thought of as an algebra of matrices 


A = (4;) (a;; in &) 


Thus § is J-involutorial under the correspondence A <> A’ = (bij), bi = a}: 
so that A’ is the J-transpose of A. Hence Jt X D = Y is also involutorial; 
Conversely we shall prove’ that if 2 is J-involutorial over § we may choose a 
J-centrum preserving involution J of %& such that if A is in J then A’ is the 
J-transpose of A, and such that D is J-involutorial. This result thus reduces 
the study of D to any desired Y% = I X D, and hence to the study of J-involu- 
torial crossed products.° 

We shall obtain complete necessary and sufficient conditions that a given division 
algebra D shall be J-involutorial. In particular we shall prove that D is J- 
involutorial of the first kind if and only if it has exponent two. Finally we shall 
study the case where § is algebraic of finite degree over the field of rational 
numbers and then obtain a much simpler determination of the multiplication 
algebras of pure Riemann matrices than that referred to above.” 


3. The matrices of Weyl. Let w be a Riemann matrix" of genus p over a 
real field § so that 
() 
2-() 


isnon-tsagular. If C is a principal matrix" of w and 


zx. = 707 _ ‘ a, R? = —I3,, 
™ = — 





"See Chapter II. 

* Wedderburn (1), (3). 

* Cf. Hasse (2). 

‘0 Tn particular in Albert (5). 

Cf. Seorza (2), (3), Lefschetz (1), (4), Albert (1) for definitions. 
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then R, is a real matrix and R,C is positive definite. H. Weyl considered” 
such matrices R and generalized the concept by dropping the assumption 
R? = —I,.% He also showed that the reduction theory for his more general 
matrices is obtainable exactly as for Riemann matrices. 

The generalization of Weyl is seen to be insufficient when the multiplication 
algebra of an irreducible R of Wey] is studied. This was also true of Riemann 
matrices where it was necessary to introduce the concept of Omega matrices." 

We shall generalize'® Weyl’s definition to matrices with elements in an alge- 
braically closed J-involutorial field and shail then reduce the considerations 
made to the following most interesting case. 

Let To be a real closed (non-modular)" field, T = Io(z), 72 = —1. Then T 
is algebraically closed and we write a = a; + act, & = a; — agi for every a of 
I, a, and ae of Ty. Assume that § is a proper sub-field of I and that d is in 
*& for every a of §. A p-rowed square matrix R with elements in I will be 
called a Weyl matrix over § if there exists a matrix C = + C’ with elements in 
® such that ts = RC is Hermitian. We consider isomorphic Weyl matrices and 
their multiplication algebras 2% and again reduce the study of % to the case 
where F# is irreducible, 21 = D is a division algebra. 

The multiplication algebra D of R is J-involutorial over § and a’ = 4@ for every 
aof §. But J is not arbitrary in D since if A = A’ is in D the characteristic 
roots of A must be real, thatisin Ip. This result was first discovered by Rosati" 
for the case of Riemann matrices and the author proved a partial converse." 
We shall prove this same converse for Wey] matrices R and shall obtain a com- 
plete set of necessary and sufficient conditions that a J-involutorial division 


_ algebra D (previously studied) may be the multiplication algebra of a Weyl 


matrix R. 


4. The §-algebra of a Weyl matrix. The §-algebra % of a Weyl matrix RF is 
the set of all matrices A with elements in § such that R-‘AR = B has elements 
in §. Two Weyl matrices R and S are associated in § if S = GRH where G 
and H have elements in § and are non-singular. Algebra % contains the multi- 
plication algebra 2 of R and we call R a central Weyl matrix” if 9 = YL, and 
shall prove that every Weyl matrix is associated with a central Weyl matrix. We 
shall also obtain a theory of the reduction of a central Weyl] matrix to irreducible 
central components. This theory is of great importance for the theory of real 
Riemann matrices. 





12 Weyl (1). 

‘8 We shall use the notation J, to represent the r-rowed identity matrix throughout this 
memoir. 

44 Albert (1). See also Chapter V. 

16 Chapter ITI. 

16 Artin-Schreier (1), (2). 

17 Cf. Rosati (3). 

18 Albert (1). 

19 In Chapter IV. 
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5. The matrix R-. If R is an irreducible central Weyl matrix then so is R-. 
let R? = GHR be associated with R and let D be the multiplication algebra 
of R. Then we shall study" the properties of the linear set % of quantities 


A, 0 4 Az 0 0 H 
0 A; 0 As/\—G O0/’ 
where A; and Ag range independently over ail quantities of D. This set is a 


linear associative algebra and, when R is real and § is real, algebra & is the 
multiplication algebra of the real Riemann matrix (R, iJ,) over §. 


6. Omega matrices over §. Let R be a Weyl matrix over § with principal 
matrix C = +C’ so that, if i = 1 or 7, the matrix Cy) = iC is Hermitian. Then 
we shall prove that R? = +1, if and only if Ry = %~'R has the property Rj = 
I,, Thus Ro = Q"E#rQ, where © is a non-singular matrix with elements in 
r and 


ee ee 
BE, = (5 Mian R = Rg = mb QE LQ. 


Moreover we shall prove that Q is an Omega matrix of index r over § and has 
the same multiplication algebra as R. We shall also show that if p is sufficiently 
large then the earlier necessary and sufficient conditions on D are still valid. 


7. Real Riemann matrices. The first systematic study of real algebraic vari- 
eties was made by F. Klein” and later amplified by A. Comessatti.* 5S. Lef- 
schetz studied real abelian varieties” and proved that the corresponding Rie- 
mann matrices could be put into the canonical form 


(w, wet) ’ 


where w; and we are real p-rowed square matrices. Cherubino later proved” 
that a Riemann matrix w is the Riemann matrix of a real abelian variety if 
and only if aw = A for a rational matrix A with A? = I2,. He then obtained 
a canonical form which may easily be derived from that of Lefschetz. 

Lefschetz, Comessatti and Cherubino obtained numerous further results™* but 
their theorems are mainly concerned with the properties of the abelian variety 
and do not solve the fundamental questions (already solved for general Rie- 
mann matrices) on the structure of real Riemann matrices. 

We shall consider real Riemann matrices w over a real field § and shall prove 





* Klein (1), (2). 

*t Comessatti (1). 

* Lefschetz (2), (3). 

*® Cherubino (1). 

* Lefschetz (2), (3), Cherubino (1), (2), Comessatti (1), (2), (3), as well as further papers 
which are listed in Lefschetz (4). 


: 
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that every such matrix is isomorphic to w = (R, 7I,) where R is a real central 
matrix. Conversely every (R, 7J,) is a real Riemann matrix. The reduction 
of R to irreducible central components R; provides a reduction of w to irre- 
ducible components w; = (R;, ip). If R is irreducible and not associated with 
R- then w = (R, zI,) is pure and has its multiplication algebra equivalent to 
that of R. If R is irreducible and is associated with R— then the multiplication 
algebra of (R, iI,) is the algebra %& of Section 6 and w 1s either pure or isomorphic 


to 
W1 0 
0 w/’ 
where w, is pure and not real. These results completely determine the structure 


of any real Riemann matrix and we shall prove the existence of pure real Rie- 
mann matrices of the various types and with given multiplication algebras. 


I. A HitBert IRREDUCIBILITY THEOREM 


1. The theory of Hilbertand Franz. A field £ is called a Hilbert Irreducibility 
field (H.I. field) if the following theorem is true in &: 
Hi.Bert [RREDUCIBILITY THEOREM. Let 


“ 

(1) f(a, oe 6 yeh, ose :&) = [I fim, vee 5 Bethy, o's ts) 
be a decomposition into factors irreducible in R(t, --- ts) of a polynomial 
f(a, «++ , t.) with coefficients in R. Then there exist infinitely many sets of quan- 
tities hh, --- , f, in R such that the f(a, --- , 2+; hh, --- , t) are irreducible in &. 

Hilbert proved” that the field ® of all rational numbers is an H.I. field. He 
also showed that any finite algebraic extension & of R is an H.I. field and that 
the H.I. theorem holds in & for 4,---,é in 9%. An analogous result was 
proved by W. Franz who obtained 

THEOREM F1. Every separable algebraic extension R of finite degree over an 
HI. field § is an H.I. field and the H.I. theorem holds in & for h, --- ,t, in §. 

Franz also proved 

THEOREM F2. Let § = Q(£) where & is an indeterminate and Q is any infinite 
field. Then § is an H.I. field. 

THEOREM F3. A field 8 is an H.I. field if and only if the H.I. theorem holds 
in R for polynomials in x and t 


(2) Siz, = co + aac* +... + an) (i =1,---,n) 


with coefficients in &. 
The case where & is an inseparable extension of an H.I. field § was left open 
by Franz and it seems not to have been treated as yet. We shall prove 





25 See the Table of Literature. 











INVOLUTORIAL SIMPLE ALGEBRAS AND REAL RIEMANN MATRICES 891 


TurorEM 1. Every algebraic extension R of finite degree of an H.I. field & 
isan H.I. field.* 


2. Reduction to primitive inseparable fields.” We may call a field & primi- 
tive over § if there exists no field ®%) such that R > R > F. If zis in a 
primitive field R over § and not in § then R = F(z) > F, so that R = F(z) 
isa simple extension of §. An inseparable primitive extension & of finite degree 
over § of characteristic p is a field §(z) such that 2?" + bz?" 4... +b, = 0. 
Then > (2?) = Fso that z? = aisin §. A trivial induction then gives 

Lemma 1. Let & be algebraic of finite degree over §. Then 


B= Mo <M<--- <M, =K, Kj = Kul), 


where each R; 1s primitive over R;1, and if R; is inseparable then § has char- 
acteristic p, and 25 = a, in R;-1. 

Assume as the basis of an induction on j that the H.I. theorem holds in 
R;1. If &; is a separable extension of &;: then the H.I. theorem holds in 8; 
by Theorem Fl. Hence we have reduced our proof of Theorem 1 to a consideration 
of the case where § has characteristic p and R = §(z), 2? = ain. We restrict 
all further discussion to this case. 


3. Two types of polynomials. Let 
(3) f(z, t) = ar* +az74--- +a, w=1, 


be a polynomial in x and ¢ with coefficients in & and irreducible in R(t). We 
then have 

LemMa 2. There exists an a in R such that f(a, t) is not in §(t) of and only 
if f(x, t) does not have the form 
(4) f(z, ) = 2 bz, b(t) in §(0). 

{a 

For a? is in § for every a of & and if f(z, t) has the form (4) then f(a, ¢) is 
obviously in §(t). Conversely let f(z, t) not have the form (4) and suppose 
first that at least one a; is not in §(é). Expand f(z, t) as a polynomial in z. 
Then there exists an 7 such that 0 <7 < p and the coefficient P(z, t) of z' in f(z, ¢) 
is not identically zero. The field § is infinite and hence there exists an a in § 
such that P(a, t) # 0. Then f(a, t) is not in F(t). There remains the case 
where all the a; are in §(t) and at least one a; 4 Oforn — 7 = pai + 7i1,0 <7 <p. 
Then f(z, t) = >), a,Wa%z" and the term of degree 7 in ) of the coefficient of 2” 
is a;\‘a% 0. By proper choice of Xo in § we make the total coefficient not zero 
and f(doz, é) not in §(t). This proves Lemma 2 and we now obtain 





*° We shall actually prove that we may transform our polynomials /;(z, ¢) by a linear 
transformation on x so that the / may be taken in §. However it seems probable that 
J(z, t) may have such a form that é must be in & if we do not transform f(z, t). 

*7 Cf. Van der Waerden, vol. I, p. 113 for definitions. 
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Lemma 3. Let f(x, t) not have the form (4). Then there exists a polynomial 
F(x, t) = 2? + Aye DP +... + Ay (A; in F) , 


irreducible in §(t) and such that whenever t is in § and F(z, t) is irreducible in § 
then f(x, t) is irreducible in K. 
For we choose a as in Lemma 2 and let 


(5) g(x, t) = f(x + a, t) = a* 4+ qa"! 4+ --- +e, 


where c, = f(a, ¢) is not in (tf). Write F(z, t) = [g(z, é]”. Then F(z, ¢) has 
coefficients in § and we may write F(z, t) = G(z, t)-H(a, t), where G(z, t) is a 
polynomial in x with coefficients in F(t), leading coefficient unity, and irreducible 
in §(t). The factors of G(z, t) irreducible in R(¢) are factors of F(x, t) and 
hence must coincide with g(x, t). By comparing leading coefficients we have 
G(x, t) = | g(z, t) |" with « S p. The constant term of G(a, t) is c™ which 
is in §(t). There exists a f in § such that yn = cn»(é) isin RK and not in §, so 
that 8 = Fyn). But v2 is in § so that = p and F(z, t) is irreducible in 
§(t). We now let é be in § and F(z, #) be irreducible in §. If g(x, f) = 
h(x)-d(x) where h(x) is not constant and is irreducible in & then F(z, f) = 
[h(x)]?-[d(x)]? = H(x)-D(x) where H(x) and D(x) have coefficients in §. 
Then D(z) is constant so that so is d(x) and g(z, f) is irreducible in R. But 
g(x, t) = f(x + a, f) = fly, #) is irreducible in & and so is f(z, #). 

There remains the more troublesome case of polynomials of the form (4). 
For this case we may prove 

Lemma 4. Let 


(6) d(t) = Bo + Bil? + --- + Bnt™ (8; in §) , 


be not the p** power of a quantity of R(t). Then there exist at most m distinct 
quantities t; of § such that d(é;) = 2 with dr; in R. 

For if d; = \% and dz = XF then d; + dz = (Ai + deo)? in a field R of charac- 
teristic p. We assume that d(f;) = \% with \; in R for i = 1,---,m and 
write t; = t — &, 


(7) d(t) = a Bi(ti + 4)? = = Bt? + t2)' = dh) + #2 di(t) , 
where 


(8) dy(th) = Bo + Bul? +--+ + Bma1 thes (6;, in §) . 
But d() = d¥ and d(h) = f+ (& — 4)? h(a — h) = ¥ with & # fh. 
Hence di(fz — 1) = 3o with 

Noo = (A2 — Ai) (fe — A) 


in. By the above proof di(t) = \¥o + da(te)t2, where t2 = tr — (f2 — 4) = 
t — te and d2(t2) has degree m — 2in #2. A repeated application of this process 
evidently yields 


a(t) = [h(t)]" + (¢ — h) --- @ — GP. 








ul 
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where h(t) has coefficients in & but 6 is in §. If 5 = \” for d in K then d(t) = 
(A(t) + M(t — hh) --- @ — &,)], a contradiction. Then if = ¥ 7; is in § and 
(@—&)--- @ — t,) = + ¥ 0 we have 


d(i) = [h(t)}> + 67? ¥ 


with \ in &, since otherwise 6 = 7~? [\ — h(é)]?, a contradiction. 
We now have 
Lemma 5. Let f(x, t) have the form (4) with 


(9) b; <= B,(t?) ’ 


and let T be the set of all quantities t in § for which f(z, t) is irreducible in §. 
Then f(x, t) is irreducible in R for all but a finite number of quantities of T. 
For if all the B;(t?) = [A,(¢)]” where A,(¢) has coefficients in ® then obviously 


fle, t) =| 3 asoz | 


contrary to our hypothesis that f(z, t) is irreducible in R(t). We may then 
assume that in particular b;(t) 4 [A.(t)]". By Lemma 4 we omit a finite number 
of quantities from 7’ and obtain a new set 7 such that for every ¢ of T>) we have 
b(f) # d” for any dX of K. Then obviously f(z, f) ¥ [g(x)]” where g(x) has 
coefficients in 8. We may now prove that in fact f(z, f) is irreducible in &. 

By hypothesis ¢ is in T and hence f(z, f) is irreducible in §. Let f(z, f) = 
fo(x) -fi(z) where fo and fi have coefficients in &, fo(x) is irreducible in , and 
neither is a constant polynomial in z. Then at least one coefficient of fo(x) is 
not in § and, by the proof of Lemma 2, there exists an a in § such that the 
constant term of fo(z + a) is not in §. By the proof of Lemma 3 the poly- 
nomial F(z + a) = [fo(x + a)]? is irreducible in §. Then [f(x + a, t)]" = 
Fo(x + a)-[fi(a + a@)]? and necessarily 


fatal) =Fi(¢+e)=([fle+a)?, fa,t) =[f@), 
contrary to the above proof. Thus we have Lemma 5. 
4. A Hilbert Irreducibility Theorem. We now prove our Theorem 1. 
Consider a set of polynomials f;(x, t) of the form (2) and let the coefficients of 
the powers of x in f,4:(x, t), --- , fu(z, t) be all polynomials in # while each 


f(z, t) has at least one coefficient c;(t) not a polynomial in ¢? for 7 = 1, --- ,¢. 
We may then write 


p=1 p= 
ci(t) = bi 5:(t7)t ~ ) i vii(t) z! (i 7” 1, Se o) ’ 
7=0 


j7=0 


where the y;;(t) have coefficients in §. Put ¢ = Az + p and obtain 


p-i 
c(t) = Z. di; (A, p) 2! ’ 
j7=0 


=e a 
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where the d;; have coefficients in §. At least one dj;; (A, p) A 0 in d and p for 
j; > 0. For when c¢,(t) has coefficients in § then so have the 6,;(t?) and 
di;(d, 0) = 64;,(\Pa) ¥ 0 for at least one 7; > 0. When c; (¢) does not have all 
its coefficients in § then d;;,(0, p) = vu;(o) # 0 for at least one 7; > 0. The 
field § is an infinite field and there exist quantities Xo, po in § for which the 
di;;(o, po) are all not zero. We put tr = Aoz + po and have proved that the 
polynomials 


(10) gi(x, t) = fiz, t + 7) (@@ = 1,---,y), 


have coefficients either not in §(¢) or coefficients which are polynomials in 
(t+ 7)? = t + 7? and hence are in §(t”). The polynomials g;(z, t) obviously 
have the form (2) and are irreducible in R(t). By Lemmas 2, 3, 5 we may 
define a set of corresponding polynomials F ;(x, t) with coefficients in § and 
irreducible in F(t). Moreover if T is the set of all quantities ¢ of § such that 
the F(z, i) are simultaneously irreducible in § then the g;(z, ¢) are simulta- 
neously irreducible in & for all but a finite number of f in T. But § is an 
H.I. field, T is an infinite set, and g:(z, 1) = fi(z, 7 + #). Hence the f;(z, 1) 
are simultaneously irreducible in & for infinitely many quantities 7 + f of &. 
We have proved Theorem 1. 


II. INVOLUTORIAL SIMPLE ALGEBRAS 


1. An involution of 2{. Let 2 be a simple algebra over an arbitrary field § 
and let there be a correspondence 


d: aoa’ (a, a? in A), 
of 2 such that 
(ll) @4+b%=a+0, (ab =a’, @Y=a, N=, 


for every a and b of Mand A of §. Then we shall call J an involution of X and 
say that X is J-involutorial. 

A quantity a of 2 will be called J-symmetric if a7 = a and J-skew if a7 = — a. 
If every quantity of algebra % is J-symmetric then ab = (ab)’ = b’a’ = ba 
and Y%f is a commutative algebra. Then % is an algebraic field of finite degree 
over §. 


2. The centrum of %. Let & be the centrum of % and & be the set of all 
J-symmetric quantities of &. Then we call % an algebra of the first or second 
kind according as R = Ro or R # Ro. 

The field & consists of all k’s of & such that ka = ak for every a of A. Thus 
ka? = a’k and ak’ = k’a for every aof Aandk of KR. Hence & is J-involu- 
torial. We shall prove 
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ToeorEM 2. The field R is either Ro or a separable quadratic extension 
Q = Ro(q) of Ro. Moreover in the latter case we may takes 


(12) P=-q, F=umR, 
when the characteristic of & is not two, and 
(13) P@=aqtl, P=qte, win, 


when § has characteristic two. 
For let the characteristic of § be different from two and R ~ &p so that 
q = ko — ko ¥ 0 for at least one ko of R. Put 


(14) w=, 2n=k+k, 2ke = (k — k’)y "gq, 

forevery kof R. Then g = kj — ko = — qisnot in& but yu = ¢@ = (7)? = w 
isin %. Also 

(15) k = kn + keg 


where ki = k{ and ke = kj are in &o. Hence R = K(q). We next let § 
have characteristic two and see that every quantity k of R is a root of 


w — (k+ h)w + kk’ =0 


with coefficients in ®. If k + kh = 0 then 2 = 0, —1 = 1 in § gives k = k’ 
isin R. Thus ® ¥ Ro implies that at least one ky # kj. Write 


q = (ko + ky) hk, w= (ko + ko) koko , 
so that » is in Rp and 
(16) g=q+u. 


The cyclic equation g? — q — u = 0 has roots g,q + 1in and also (q’)? = ¢ + xu. 
Then g? = q+1. Write 


(17) k= k+ (k+P)aq, ke=k+P, 


so that ke = kj isin Ro and kl =k’ + (kK+k’) (qt) kh’ + (+k) + 
(k + k’)q = ky is in ®o. Then every k of & has the property k = ki + keq 
where k; and ke are in ®. Hence ® = &o(q) is a separable quadratic extension of 
Ro and we have Theorem 2. 

If % is an algebra of the second kind over its centrum &o(q) then we may 
write 


a = 3(a + a’) + [3(a — a’) gla = a1 + O29, 
*8 Similar results were obtained by C. Rosati (3) and A. A. Albert (1) for the case of the 
multiplication algebras of Riemann materials over a field § of characteristic zero. Our 
treatment of the case where the characteristic of § is two is new, however. 
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when § has characteristic not two, and 
a= [a+ (a+a’)q] + @+0’)q = am + O29, 
when § has characteristic two. In either case the above proof for R shows 
that the quantities a; and a2 are J-symmetric and if 8 over & is the linear set 
of all J-symmetric quantities of &% then &% = Bg. We have proved 
TueoreM 3. Let Y% be a J-involutorial simple algebra of the second kind of 
order m over its centrum 8. Then UX has a basis 


U1, iid! Um (uy - U,), 
over ®. 


3. The involutions of 2. Let 2 be a simple algebra with an involution J and 
let T be a new involution of 2{ such that k? = k’ for every k in the centrum of Y. 
Then we call T a J-centrum preserving involution of 2 and wish to determine 
all such involutions 7’. 

The correspondence a’ < a’ satisfies the properties 


a+b = (a+ bX (a+ dD)? = a™ + OD’, ky = k* 
a’b’ = (ba)? <> (ba)? = aT™bt 


for every a’ and b’ of AX and k of R. Hence the above correspondence of Y% is 
an automorphism of the simple algebra % over its centrum. It is well known 
that every such automorphism is an inner automorphism,” that is, 


(18) 


a" = p'a’p, 
where p is a regular element of A. But 


(a7)? = pr(a’)*(p")? = (pp’p)(p tap) [p(p")*p] = (p'p’)a(pp’)* = a 
so that pp’ is commutative with every quantity of 2 and is in its centrum. 

We write p'p’ = 6, p’ = pd. Then (p)¥ = p= Hp’ = bp and #6 = 1. 
If 5’ = 6 then 6? = 1,6 = +1 and pis either J-symmetric or J-skew. If 6 ¥ 6 
then R ¥ Ko, R = Ko(q) and 6 = 6 + beg, 6] — 53u = 667 = 1. But then 
it is known that 6 = y(’)" with y in R. Hence po = yp has the property 
po = py’ = py’ = py = po and is J-symmetric. Obviously a? = p-'a’p = 
Po a’ po. 

Conversely let us define the correspondence a <> aT = p~'a’p where p is either 
J-symmetric or J-skew. Then 


(a + 6)? = pa + bp = pa’ + b’)p = a” + BO, 
(ab)? = p\(ab)’p = p*(b’a’)p = (p'b’p)(p'a’p) = bra", 
k? = pk’p = Pb, N = pp = i, 
(a7)? = (p"'p’)a(pp’) = (+1)a(+1)7 = a 
for every a and b of U, k of R and \ of §. We have proved 





29 Cf. Brauer (1), Theorem 11. 
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ToeorEM 4. Let U be a J-involutorial simple algebra and a = at be a self- 
correspondence of A. Then T is a J-centrum preserving involution of A if and 
only if there exists a regular J-symmetric or J-skew quantity p of X such that 


(19) a” = pia’ p. 


We also have the 

Corottary. Let Z be a maximal sub-field of U and 27 = z for every z of Z. 
Then (4) holds with p in Z. 

For the only quantities of 21 commutative with every quantity of Z are the 
quantities of Z. Butz? = pz’p = 2 implies that pz’ = zp and hence zp = pz, 
since (27)7 = 2, p?’ = +p. Thus pis in Z. 


4, The Wedderburn decomposition of 2. We may write® Y = M x D 
where I? is a total matric algebra and ®D is a division.algebra whose centrum 
is that of &. Then M has an ordinary matric basis* e;; and a multiplication 
table 


Cie = Ot Cik (t, 3, t, k = a see , m) 


where 6;; = 1, 6, = 0 for 7 # t. 

Write f,; = e},. Then fi; fu = ¢j:Che = (Cereal? = (5; Ces)” = 94; fz 80 that 
the quantities of f;; form a basis of a total matric algebra to equivalent to MN. 
Moreover & = No X Do and it is well known” that the resulting automorphism 
of 2 is an inner automorphism, that is 

fig = Dep = Chis 
where p is a regular element of . 

We compute (e7,)” = ¢; = (p’)“ei;p” = (p'p’)“ex(p-'p’) and have shown 
that p-p* is in the algebra of all quantities of 2 commutative with all the e;;. 
This algebra is D so that p’ = pé with 6 in D. 

If 6 # — 1 the quantity p = p+ p’ = p(1 + 4) is obviously both regular 
and J-symmetric. Moreover fi; = poei;Po since 1 + 6 is commutative with 
all the ¢;;. Hence in this case we may take p = p’ without loss of generality. 
If6 = —1 then p’ = —pand pis J-skew. In either case the correspondence 
aa? = p—a’p is a centrum preserving involution of & with the property 


et; = pei ;p = 65. 

Algebra D is the algebra of all quantities of 2% commutative with all the ¢,. 
proved the important 

THeorEM 5. Let X = M X D be a J-involutorial simple algebra where D is a 


division algebra and MM is a total matric algebra with ordinary matric basis ¢;;. 





*° Cf. Wedderburn (4), p. 158. 
* Por this terminology see Albert (1). 
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Then there exists a J-centrum preserving involution T of Y such that T is an invo- 
lution of D and 


(20) Ci; = &- 


5. Symmetric sub-fields of 2%. In this section we shall prove 

THEOREM 6. Let x be a quantity of U and let the minimum equation of A be 
irreducible in R and have coefficients in Ro. Then there exists a J-centrum preserv- 
ing involution T of X such that 


a? = x. 


For the algebra X of all quantities of 2{ commutative with z is a normal simple 
algebra over R(x). We may write X = Nt K B where Yo is a total matric 
algebra and ¥ is a normal division algebra over (2). 

Fy Wedderburn’s theorem we have & = M XK D = Mo X 2% = Mo K Mi K D. 
By Theorem 2 the algebra D may be taken to be J-involutorial. Then J may 
be so chosen that % = 2, X D is J-involutorial and the sub-algebra of all 
quantities of 2%; commutative with z is a division algebra %. 

The minimum equation ¢(£) = 0 of z has coefficients in %) and ¢(xz) = 0 
implies that ¢(z7) = 0. But then 2’ is a transform of x by a regular quantity p 
of %1, 27 = pxp~'. Consequently 2 = (p’)—a7p’ = (pp’)“"zp"p’. 

The quantity p'p’ = y is in %, a division algebra. If y ~ — 1 then 
p= p+ p’ = p(l + y) is regular and pypy' = p(l+ y)(l + y) pt = ppt =e’. 
If y = —1 then p’ = —pis J-skew. 

We have proved that 27 = prp where p is either J-symmetric or J-skew. 
The self-correspondence a <> a? = p—'a™p is a J-centrum preserving involution 
of %, by Theorem 2 and moreover 27 = p—a’p = z. 

It is obvious that then there exists a J-centrum preserving involution of 
A = Mo X A, such that x7 = x. This proves Theorem 6. 


6. Involutions of D; X Do. If A, and AW, are J-involutorial, the algebra 
%1 X Ws is also J-involutorial. We may now prove a partial converse of this 
result. 

We let D = D: X De be a J-involutorial division algebra and let D; and D2 
be direct factors of D of relatively prime degrees. We may then prove 

THEOREM 7. There exists a J-centrum preserving involution T of D such that 
both D; and D2 are T-involutorial. 

For let p; be the exponent of D; and hence p; and pz relatively prime. Then 
the congruences 


£ = l(mod p:), — & = O(mod pz) 


have a solution € in common and D* = DF K DF = Di X M where Mi is a 
total matric algebra. By Theorem 2 algebra D, is T-involutorial. We have a 
similar result for Dz and have proved Theorem 7. 








)~ 
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7. Elementary properties of crossed products.” Let D be a division algebra 
of degree n over its centrum & and Z be a field containing ®. Then the algebra 
 X Z = D; is a normal simple algebra over Z and we say that Z splits D if D, 
is a total matric algebra. 

If M is a total matric algebra then XY = M xX D is similar to D and we write 
%~D. It is well known that there exist galois splitting fields Z of degree m 
over R of D, that necessarily m = ne, and that Z is isomorphic to a maximal 
sub-field of 2% = M XK D where Mt has degree e. 

We assume that S ranges over all the m automorphisms y @ y' of Y. Then 
{has a Y-basis us and every quantity of %&{ has the form > us ys with ys in Y. 
The multiplication table of 2 is given by 


yus = usy', UsUr = UsrQs,7r 
with as,7 #Oin Y. The set a = (as,r) is called a factor set of Y and is replaced 


by an associated factor set b = (bs,r), 


T 
(21) bs,r = Qs,r Cr€s . (cs in Y), 
Cg,r 





when we replace the us by a new Y-basis uscs. We write U% = (Y, a) and call 


% the crossed product of Y and a. 
A crossed product is a total matric algebra if and only if its factor set is 
associated with 1 = (1) = (bsr) with bsr = 1. We also have the important 


direct product formula, 
(22) (Y, a) X (Y, 6) = (Y, 1) X (Y, ab), 


where ab = (asrbsr). 

We shall consider crossed products defined by galois fields (Z, 2) over 2 where 
Z is a galois extension of degree n of an arbitrary field § and Q contains §. 
Suppose that A is an algebraically closed extension of 2. By passing to a field 
isomorphic to Z we may assume that A contains Z. Write Z = §(z:) where 


o(t) = (€ — a) (E — a2) «++ (E — tn) 


has coefficients in § and is irreducible in §. Then 2x2, --- , t, are in Z and the 
automorphisms of Z are generated by the correspondences 2 <> 2. 
The composite (Z, 2) of Z and Q@ is the sub-field of A consisting of all rational 


functions of x, with coefficients in ®. If y(t) = 0 is the factor of ¢(¢) = 0 
which is irreducible in Q and has 2; as a root then 


V(t) = (E— am) --- (E-— %), 


and (Z, Q) is a galois field of degree vy over 2. The coefficients of ¥(£) lie in 
the sub-field of Y of Z generated by the elementary symmetric functions of 





* For proofs of these properties see Hasse (2). 
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1, --- , 2. Since Y is contained in Q the equation y(£) is irreducible in Y 
and Z has degree v over Y. Thus 


n= No?, 


where Y has degree mm over §. We have 

THEorEM 8. Let Z be a galois field of degree n over §, Q be a field containing 
3, mo be the maximum degree over § of all sub-fields of Z which are equivalent to 
sub-fields of Q. Then n = nov and v is the degree of the composite (Z, Q) over Q. 

As an immediate consequence we obtain 

THEorEM 9. The direct product Z X Q of a normal field Z over § and Q > F 
is the composite (Z, Q) if and only if Z has no sub-field distinct from § and equiva- 
lent to a sub-field of Q. 

We consider in particular the case where Zp is galois over &, Q = KR = Ro(q) 
is a separable quadratic extension of &. We then have the simple 

Lemma. The composite Z = (Mo, R) = Zo X K af and only tf Zo has no quadratic 
sub-field equivalent to Ro. 


8. On J-involutorial crossed products. Let D be a division algebra over 
its centrum & and let R = Ko or KR = Ko(q) where Ko(q) is a separable quadratic 
extension of &. The field & is J-involutorial over % and either gq’ = —gq or 
q’ =q+1. We assume that there exists a galois field Zp) of degree m over So 
such that Z = Zo) X Kis a splitting field of D. Then D is similar to a crossed 
product (Y, a) where Y.= (Yo, &), Yo is equivalent to Zo, Y is galois over &. 
We seek necessary and sufficient conditions that D be J-involutorial over Ry 
with the involution J of & preserved. 

Consider the algebra 8 = (Yo, ad) over & where, if as,7r = ds,r1 + s,r2q with 
@s,r1 and ag,r2 in Yo then ds,r = ds,r1 + Gs,r2q’. It is evident that the algebra 
% = (Y, 4) is a crossed product and is a simple algebra over & equivalent to 2% 
over &» by a correspondence in which gq’. Hence 8 XB~UAXA. We 
may now easily prove 

THeorREM 10. The algebra U is J-involutorial if and only if B is a total matric 
algebra. 

For let 2 be J-involutorial so that, by Theorem 3, we may let y” = y, (y8)’ = y° 
for every y of Yo. Then uzy = y*uyz, ususy = usy®uy = yuguy. The sym- 
metric quantity p, = usuy is commutative with every y of Yo and must then 
be in Yo. Hence (wg) = by'ug = Ug¢s where cg ¥ 0 is in Yo. 

Since & is J-involutorial we have upuz = dg pu%p and hence (uz) (uz) = 
(u3r)(ds,7)'. But (ug)' = ugeg so that the factor set (a, 7) has the property 

of 
(23) So's * tas —. 
Csr 
But then the factor set (a; p@, 7) of B over Xo is associated with the factor set 
consisting of unity alone and 9 is a total matric algebra. 
Conversely let 8 be a total matric algebra so that we have (10) for cg in Yo. 
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We then define a correspondence J of & by 


[Deus(ys: + ys9)|" = DLs: + Ys29") (uses). 
Then % is J-involutorial if and only if 


J\J J s.J i. ew 
(24) (us) = Us, UsY = Y Us, Urls = AgrUsry 


forevery yof Yo. But (wg)? = [(uges)“] 7 = [es'ug']” = (uZ) cg! = ugeges' = Us 
as desired. Since ugyS = yug we have ugcsyS = yuscs so that uly = yu. 
Finally ugup = UsrGs, 7, (Uses) (Ugey) = (UsrCsr)bs, with 
bs, 7 = As i = (a5,7)', 
TO , 

so that (23) is obtained by taking reciprocals. This proves Theorem 10. 

If Jo is any new involution of % such that yj° = yo for every yo of Yo then, 
by Corollary I, we have 


(25) a’ _ p ‘a’p 


where p?- = + pisin Y. If pis not in Yo then pq is in Yo and has the above 
property (13). Hence we may take pin Yo. Then 


us’ = p usp = (Usds)* 
where [p—'(ug¢s)'p]-“! = pugcsp = us(p*)'cgp and 
(26) ds = (p’)—peg . (pin Yo). 


Moreover d, satisfies the equation (23) in cs. Conversely every solution cs of 
(23) defines an involution Jo of 2 by Theorem 10 and hence satisfies (26). We 
have 

THEOREM 11. If c, is any solution of (23) then all solutions ds are given by 
(26) and all involutions Jo such that the quantities of Yo are Jo-symmetric are given 
by (25). 

We shall call the algebras %{ defined above and satisfying the properties of 
Theorem 10 algebras of type A. We now consider the special case where D is a 
J-involutoriai division algebra of the first kind. 

When ® is of the first kind it is self reciprocal and it is well known that D* 
is a total matric algebra. Conversely if D? is a total matric algebra then it is 
self-reciprocal and the self-correspondence thereby induced is a reciprocal auto- 
morphism. This automorphism is obviously not necessarily an involution. 
We have however proved that if D is a division algebra of exponent two and YW is 
the crossed product similar to D so that A? ~ B is a total matric algebra then 
is J-involutorial. By Theorem 5 so is D and we have proved 

THEeorEM 12. A normal division algebra is J-involutorial of the first kind over 
its centrum & if and only if it is self-reciprocal, that is has exponent 1 or 2. 


9. Cyclic Algebras. We may consider in particular cyclic algebras of type A. 
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In this case Zo is cyclic over Ro and hence Yo is cyclic over Ry with generating 
automorphism S. There exists a quantity u in % such that 


(y, + yqvu = ulyi + y3q), 


for every y, and y, of Y,and 1, u, --- , uw" form a Y-basis of U. The quantity 
u" = yisin ® and has a norm v7’ with respect to %>. By Theorem 10 we have 

THEOREM 13. The cyclic algebra UX is J-involutorial if and only if there exists a 
quantity d of Yo such that 


Neae(7) = N y,/9(@) . 


We shall also define a further type of algebra over a special field &. Let 
x be the field of residue classes modulo a prime p, and &» be an infinite field with 
as prime sub-field. Suppose that r(z) is an algebraic extension of degree u over 


a so that®* 
w(z) = GF(p*). 


Every sub-field of z(z) is a finite field GF(p’) and if the largest finite sub-field 
of Ko is equivalent to GF(p’), then 


= oF, 


and Theorem 8 states that the composite %o(z) has degree v over ®o. The field 
R = RK(q) is a quadratic extension of > and the composite Ro(q, z) has degree 
v over & if and only if no quadratic sub-field of %o(z) is equivalent to Ro(q). But 
Ro(q, 2) = K(z) has degree v over & if and only if R does not contain a sub-field 
equivalent to a finite field of degree greater than ¢. Hence we have 

THEOREM 14. Let r(z) = GF(p*) and R = Ro(q). Then the degree of &(z) 
over R is the degree of Ro(z) over Ko af and only if the largest finite sub-field of & 
coincides with that of Ro. 

We assume that the largest finite sub-field of &) is G, = GF(p7’) while & con- 
tains G., = GF(p*"). Then we may take G2, = G,(q) since it is evident that 
if Gog = G,(qo) then R = Ky(q). Hence G2, = (q) where q is a primitive p}' 
root of unity and 


Poe = p -1. 
Moreover 
= 2on, 


where Z = &(z) is cyclic of degree n over & and with generating automorphism 


S: z<>28 (6 = p”): 
We now define a cyclic algebra %&{ with 1, u, --- , u®"! as Z-basis and 
(27) zu = uz, u~=vyin8k. 





33 Cf. Van der Waerden, vol. 1, p. 109. 
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Assume also that % is not a total matric algebra and hence n > 1. We call % 
an algebra of type B. 

No power of ¥ is in z since otherwise the algebra 8 with the same basal units 
as 9 but over z(q, y) is a normal simple algebra over a finite field and hence is a 
total matric algebra.* Then % = Bg is a total matric algebra contrary to hy- 
pothesis. In particular 1 + y(—~y’)""! ¥ 0 so that there exists an ay in ® such 
that 


(28) ao [1 + ¥(—7?)"] = y(-7*)". 
Then a = (—7?)"""(y"! — yao). Define az, --- , ans in R by 
(29) Qi1= —y7'a; (@ =1,---,n—1), 


and obtain ap = (—7?)""! ani, Qn1 = Y' —yao. By a simple computation 
we have 


(7? + u)(ao + aw + +++ + osu") = 1. 


Hence y* + wis a regular quantity of algebra Y. 
The field Ro(z) is cyclic of degree 2n over Ry with generating automorphism 


T: ere? = 2 (6 = p’), 
and T? = §. Hence T replaces g by q’, and if & is J-involutorial over % then 
2 is a root of the minimum equation of z” with respect to ®. By a well known 
theorem 
2 = a 2a 

where ais a regular quantity of 2. Moreover 

z = a (z4)/(a’)' = (a2a—)z* (a%a-)1 
so that 

z(a7a—) = (a’a“")z5, Uw = aa", 
But then w = ud where d is in R(z) and 
(30) uy = YNz/e(d@) = vo- 
Without loss of generality we take u = uo and have 

a = ua, a= au’? = uav’, 

so that 

uw = awa, (W)*=y=y7". 


We may now prove 
THEOREM 15. Algebra % of type B is J-involutorial of the second kind if and 


only tf there exists ay, of (30) satisfying 
(31) Nejavo) = Yovo = 1. 





* A theorem of J. H. M. Wedderburn, cf. Van der Waerden II, p. 211. 
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For we have proved the above condition necessary. Suppose now that 
YoYo = 1 s0 that we may take yy’ = 1 without loss of generality. We of course 
mean to imply that y goes to y’ when g<*q@ = q’ under the automorphism 
T of Ro(z). The quantity y? + ais a regular quantity of % and hence so is 


a=aty'(’+uy=yit+ywt=y+ur. 
We now define a (1 — 1) correspondence of 2 by 
2 = a'2a, w= ave = uw! 
since a is a polynomial in u. Then 
wy =yY=7, we = (2), 


since ua“ z5a = a-'z%u-la = (27)8u’ by our definitions. The minimum equa- 
tion of 27 and 2° is obtained from that of z by replacing qg by q’ and hence J is a 
reciprocal automorphism of %{. Finally (u’)’ = (u~")-! = u and we have proved 
that (27)’ = zifa’a' =u. Butua = yu+y =a’ sinceed =y+u'" = 
y + uy! = 7 + uy’. We have proved Theorem 14. 


10. Algebras over a reduced field. We have defined two types of J-involu- 
torial simple algebras of the second kind and may now prove that these types 
give the structure of all J-involutorial simple algebras of the second kind. 
Let then % be a J-involutorial simple algebra with centrum R = Ro(q) over F 
and let 7 be the prime sub-field of &%. Then z is equivalent to the field of all 
rational numbers or all residue class modulo a prime p according as § has char- 
acteristic zero or p. We shall call § a reduced field if it may be obtained from r 
by a finite number of adjunctions (algebraic or transcendental). 


If uw, --- , ur are a basis of 2 over F then 
uu; = 2 VijnUry “y= p 6 i.Ux 
k=1 k=1 
with y;;, and 6,, in §. The field Fo = (bu, --+ , drr) Yury +++ y Yrrr) is a reduced 
field. Let 8 be the algebra with basis uw, --- , ur over §. Obviously A = By 


and &% is a J-involutorial simple algebra over §). Conversely if 8 is a J-involu- 
torial simple algebra over §, and § is an extension of §, such that A = By; is 
simple over § then % is a J-involutorial simple algebra over §. Moreover the 
involution of the centrum of %{ is uniquely determined by that of 8. We have 

THEOREM 16. A simple algebra X over § is J-involutorial of the second kind if 
and only if % = Bz where B is J-involutorial of the second kind over a reduced 
field &. ° 

We have only to consider the case where § is a reduced field. If § is a finite 
field then 2 = IM X D where M is a total matric algebra and ® is a finite field. 
Then & = D and the structure of & is completely determined by Theorem 1. 
Assume therefore that § is an infinite field. We prove 

THEOREM17. A reduced field §is an H.I. field if § is not an algebraic extension 
of finite degree of 2 = x(£) where is an indeterminate and r is finite. 
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For if x is the field of rational numbers then § is an H.I. field by Theorem 
Fl and F2. When z has characteristic p and § is not finite there exists a quan- 
tity € in § which is transcendental with respect to +. Then § is not algebraic 
over 2 = w(&) and hence must contain a quantity » which is transcendental with 
respect to 2. By Theorem F2 the field Q(n) is an H.I. field. The field § is 
obtained from Q(m) by a finite number of adjunctions and § is an H.I. field by 
Theorem 1 and Theorem F2. We may assume my 

SymMMETRIC Group THEoREM.® Let D be a normal division algebra of order 
m = n? and basis Uw, --- , Um over its centrum R which is a separable algebraic 
extension of an H.I. field ®o. Then there exist infinitely many quantities &,, --- , Eg 
of Ry such that the minimum equation of x = >> ,t,u; has degree n and the symmetric 
group with respect to R. 

We use Theorem 3 to obtain a basis of J-symmetric quantities for D over & 
where UX = Mt X D. By the above theorem there exists a J-symmetric quantity 
xin D whose minimum equation ¢(£) = 0 then has coefficients in %o, degree n, 
and the symmetric group with respect to ®. Let m be a scalar root of ¢(¢) = 0 
and yo, --- , nm its scalar conjugates. Then the field Z = R(m, --- , m.) is well 
known to be a normal splitting field for D and hence A. Let Zp = :Yo(m, --- , mn) 
so that Zo is normal over & and its automorphism group is isomorphic to the 
symmetric group on n letters. If the composite Z of Z) and K has its degree 
over & less than the degree of Z) over &y then the automorphism group H of Z 
over § is a proper sub-group of the group G of Zp) over %. But H is evidently 
the galois group of ¢(£) = 0 and must be isomorphic to the symmetric group on n 
letters. Hence H = G, the degree of Z over & is n!, the degree of Zp over Mo, 
and Z = Z) XR. We have proved 

THEOREM 18. Let § be an HI. field and % be a J-involutorial algebra of the 
second kind over §. Then X is similar to an algebra of type A. 

The only remaining case is that where § is algebraic of finite degree over 
Q = x(é), w of characteristic p. It is known that there exists a finite field 
(z) such that ®(z) splits Y. If Ro(z) has degree 2n over Ry and K(z) has degree n 
over & then we have proved in Section 9 that %f is similar to a cyclic algebra of 
type B. Hence let the degree of Zo = Ro(z) over Xo be the degree of Z = R(z) 
over so that Z = Z X KR. But Zp is cyclic over R and hence Y is similar to 
acyclic algebra of type A. We have 

THEOREM 19. Every J-involutorial simple algebra over an infinite reduced 
field § is either similar to an algebra of type A or one of type B. 


11. Transcendental extensions of §. We have proved that the structure 
of a J-involutorial simple algebra % = By is determined by that of 8 where B 
is a linear sub-set of & over a reduced sub-field § of § and % is a J-involutorial 
simple algebra over %. We may obtain a simpler treatment however by extend- 
ing § to a field S = §(£) where £is an indeterminate. We are of course assum- 
ing that § is infinite so that S is an H.I. field and every J-involutorial simple 





% Albert (12), (16), (13). 
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algebra over © is similar to an algebra of type A. We consider of course only 
the case R # Ry by Theorem 12. 

Without loss of generality we consider a division algebra D over § and let 
€ =Dg. Then Cis a division algebra. For otherwise ab = 0 for a and b in € 
and both not zero. By multiplying a and 6b by properly chosen quantities of 
§ we may assme that both are polynomials in £ with coefficients in § and con- 
stant terms a) ¥ 0, bo)  OinD. Then aod) = 0 which is impossible. 

We seek necessary and sufficient conditions on € that D with J-involutorial 
centrum ® = §o(q) shall be J-involutorial. If D is J-involutorial then so 
obviously is € with centrum. M2 = Ri(g), Ri = RKo(g). The J-centrum pre- 
serving involutions of € are correspondences T given by 


cT = p'c'p (cin ©), 


where p = + p’ isin ©. Thus € may be T-involutorial and yet T may not be 
an involution of D. However we may prove 

THEOREM 20. Let D be a division algebra over its J-involutorial centrum 
RK = RKo(q) and let © = Dg be J-involutorial of the second kind over such that the 
involution J in R is preserved. Then there exists a J-centrum preserving involution 
T of € such that T is an involution of D. 


For let w, --- , ur be a basis of D over § and suppose that € is J-involutorial 
over §. Then uy; = Lyijxux with y;;, in § so that 
(32) uy Uy = Dyin UE 


identically in the indeterminate & We may write 
(33) ws = [51 D au(u;, 
7 


where the a,;(~) and 6(€) are polynomials in £ with coefficients in §; and no 
irreducible factor of 5(£) divides all the a;;(¢). We are also assuming that 


0 = ko, q” = -qorq+l, 


according as § does not or does have characteristic two. 

If 6(0) = 0 then 6 has £ as a factor and at least one a;; (€) does not have é as a 
factor. For this 7 we have 6(£)w’ different from zero when we replace £ by zero. 
But (32) for 7 = 7 gives 


[5()ui? 


5(€) > viix [6(E)uz] 
5(£) > Yiik 2 Ane(E)U; , 


which vanishes at § = 0, so that w; = 6(0)u7(0) ¥ 0 is in D, and uj; = 0. 
This is impossible. Hence 6(0) ¥ 0. Define 


(34) ui = [6(0)}7 p ai;(0)u; , 
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and obtain ufut = Vyinuz. Moreover 
(35) Us = O(E) TE ay (Suz 


identically in £, so that u; = 6(0) 2 a,;(0) u? = (ut)?. It is obvious that 
kt = ko, q” = q’ so that T is a J-centrum preserving involution of both € and D. 


12. Division algebras over an algebraic number field. We shall consider 
the case where § is an algebraic number field of finite degree over the rational 
number field R. By passing to an algebra equivalent to D we may obviously 
take to be an algebraic number field of finite degree over R. I have proved™ 

TueoreM A. A division algebra D over R has exponent two if and only if its 
deqree 18 two. 


The above result combined with Theorem 12 evidently determines all J- 


involutorial division algebras D of the first kind. We have 
(36) D = (1, 4,7, w), P=a, f=B8B, ji= -i(a,Bin®); 
with J given by 
(37) W=t, fsj, Y=. 
We may easily determine all J-centrum preserving involutions of D. For 
let T be such an involution so that by Theorem 4 and by (37) we have 
v= pip, f=p jp, pP=+p. 
Let first p’ = — p so that p = py with p X 0 ink. Then p' = — i, 
p jp = — jand 
7 = —-1, f=-j, (j)"?’ = —-—¥y, 
for this case. 
Let next p’ = pso that p = 6 + % where i = wi + vj = 7 and 4, u,v are 


in. If i = 0 then pis in & and 7? = i,j? = 7. Let % 4 080 that % is not 
in ® but 722 = a = wa + Bisin®. Then ip = pgp = p'(p — 5)p = 


p—6=%. Wealso have (2j)i) = — (27) and hence jots = — tojo if 
jo = to(6 — %)ij, 75 = Bo = a0(X* — ao)as. But 
jo = p'\(—t)io(S — to)p = poto(S + to) (tj)p = to(9) (6 + 2%) 


= 19(6 _ do) 0) = Jo ° 


We may then take 1, io, jo, tojo as a new basis of D with (37) holding. We have 
proved 

THEOREM 21. Let D ~ & be a J-involutorial division algebra of the first kind 
over R. Then if T is any J-centrum preserving involution of D a basis 1, 1, j, Y 





6 Albert (3). 





: 
| 
| 
ib 
| 
| 
1 | 














908 A. ADRIAN ALBERT 


may be so chosen that 7? = ain®, 7? = Bink, ji = — 17 and either 
(38) wat, f=j, WP=-G 

or 

(39) w=—t, fr =—-j, HP=-¥G. 


Algebras of the second kind have a much more complicated structure but we 
shall prove, for the case where § is a finite algebraic extension of , 

THEOREM 22. A division algebra D is J-involutorial of the second kind if and 
only if D is a cyclic algebra of type A. 

We shall take & to be an algebraic number field and, by Theorems 10 and 13, 
need only prove that there is a cyclic field Z) of degree n over & such that (Zo, ) 
splitsD. For then (Zo, &) will have degree n over &. 

Let p be a prime ideal of &, ®, the p-adic extension of &. If Z is a cyclic 
field over & and § a prime divisor in Z of » then it is well known that Zg is the 
composite of Z and &,. Thus the degree of Zg over &, is an integer r, inde- 
pendent of $ and is called the p-degree of Z. 

Let D be a normal division algebra over & and D, the algebra obtained by 
extending the centrum of D to R,. Then D, is a normal simple algebra whose 
index m, is called the p-index of D. 

The field has degree ¢ over the field of all rational numbers and has algebraic 
number conjugates 81, --- ,®:. Let Z be cyclic of degree n over & and consider 
the field Z; over R ; equivalent to Z over R and the algebras D; over & ; equivalent 
to D over &. 

If ® is the field of all real numbers, and §; is the composite of MR and &;, 
then §; is the field of all real numbers or all complex numbers according as &; 
is or is not real. The composite (Z;, R) has degree r; = 1, 2 over Ri, the 
R ;-degree of Z. The algebra Dig; over R; has index m; = 1, 2, the Rj-indexr 
of D. H. Hasse has then given the following arithmetic criteria.*” 

LemMa Hi. Let D be a normal division algebra of degree n over its p-adic 
centrum 8, and Z be a cyclic extension of R,. Then Z splits D if and only if the 
degree of Z over 8, 1s a multiple of n. 

Lemma H2. A cyclic field Z over & is a splitting field of division algebra D over 
its centrum & if and only if the p-degrees and 8 ;-degrees of Z are multiples of the 
corresponding indices of D. 

Lemma H3. The p-indices of D are unity except for a finite number of prime 
ideals » of &. 

We shall also use the Griinwald theorem® 

Lemma G4. Let pi, --- , pr be prime ideals of R, n an integer, R;, «++ , Rs a 





37H. Hasse (1), (2), (4). 

38 See the table of literature. We have used Griinwald’s Theorem 3 with e, = 1, fx = 1 
for the prime ideals P, and with e, = 2, f, = de = 1 for the infinite ),, that is for our Ri. 
It is well known that Z has ); degree e;f;. 
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set of real conjugates of R. Then there exists a cyclic field Z of degree n over R° 
with p;-degrees n and  -degrees 2,j = 1,---,ri=1,+--,s. 

We now consider the case where D has degree two over R = Ro(g). Then 
some x of D is not in R so that one of x + 2 and (x — 7 )qisnotin&. Since both: 
quantities are J-symmetric we have proved the existence of a J-symmetric 
quantity ¢ of D and not in &. 

The minimum equation of 7 has coefficients in ®) and degree two. We may 
obviously take this equation to be reduced, 7? = ain &. Then there exists a. 
quantity jo in D such that 7} = — 2% and 1, 7, jo, info form a basis of D over &. 
But then 779 = — jot. If jo + jo + 0 then we putj=fp+ji=/. If 
jy = jo then put 7 = qjo = 7’. In either case 1, 7, j, 7j form a basis of D such 
that 7 = 1,7 = Jj, jt = — tj while? = a = o& ink, 7? = B = Bink. We 
have proved 

Lemma 5. Let D be J-involutorial of degree two over its centrum R = Ro(q),. 
qg = —q. Then® ts an algebra of type A and in fact D = Do X RK(Qq), 


,2 


Do = (1, 2,9, wy), 7 =e, F=8B, fi=-¥Y 


over Ro, and 7 = 1,7 =j = Bf”. 

We now let D be J-involutorial of degree n over its centrum R = Ro(q), 
q = — qand let m, --- , x, be the prime ideals of R for which D has z-index 
not unity. Suppose also that ou, --- , Ro, are the real conjugates of % for which 
the corresponding ; are rea! and D; over R; has index two. By Lemma G4 
there exists a cyclic field Z of degree n over Ro with Mo;-degrees two and 
p; degrees n where p; in &o has z; as prime ideal factor in R. We shall prove 
that the composite Z of Z) and & splits D and hence have Theorem 22. 

We shall use the trivial consequence of Theorem 9 given before: 

Lemma 6. Let Y, Z be algebraic exténsions of degree two, n respectively of a 
field R. Then (Y,Z) has degree n or n/2 over Y according as Z does not or does 
have a sub-field equivalent to Y. 

We write n = 2°n) = 2v where m is odd and let p be a prime ideal of ®o such 
that the corresponding z-index of D is divisible by 2°. Then D, is the direct 
product of a total matric algebra of odd order and a division algebra 8 over &, 
whose exponent is its degree m,. The algebra D’ = M X Q where M is total 
matrix and Q has degree two over R. By Theorem 4 Q is J-involutorial and 
hence Q = Qo X & where Q, is J-involutorial over Ro by Lemma 5. 

We obviously have D2 = M X Q,. By hypothesis the exponent of D, is 
divisible by 2° so that Q, must be a division algebra. But Q, = Qo X &-. 
By Lemma HI the field R, = (Kop, R) must have degree unity over Ro. But 
then the composite (Z, ®,) of (Zo, Ro,) and R, has degree n over &, since 
(Zo, Ro) has degree n over Xo, and &, has degree unity over &. Hence the 
n-degree of Z is n for every x such that the z-index of D is divisible by 2°. 

Let next D have z-index m ~ 1 such that 2¢ does not divide m,. Since m, 
divides n we have m, a divisor of v. The r-degree of Z = (Zo, R) is a multiple 
of » since (Zo, Roy) has degree n over Roy, Rr = (Roy, R) has degree one or two 





: 
f 
; 
i 
H 














910 A. ADRIAN ALBERT 


over ®, and we may apply Lemma 6. Our construction of Zo implies that Z 
has &,-degrees two wherever 2 has &; index two and hence Z splits D by 


Lemma H2. 


13. Algebras of Riemann matrices. If w is a pure Riemann matrix of the 
second kind its multiplication algebra is a J-involutorial division algebra D over 
the rational number field. Then & = &o(q) where &o is total real (has all real 
conjugates) and g*? = yu is total negative. The fields ®; are all imaginary and 
D has KR; indices unity. In this case we may prove the important® 

THEOREM 23. The multiplication algebra of a Riemann matrix of the second 
kind is an algebra of type A generated by Z = (Zo, R) where Zp is a total real cyclic 
field over Ro. 

For let the prime ideals p, be defined as in the proof of Theorem 23 and use 
Lemma G4 to prove the existence of a cyclic field Wo of degree 2n over & and 
p,-degrees 2n. The field Wo has a cyclic sub-field Z of degree n over Ro and 
p,-degrees n, and Z = (Zo, R) splits D by the proof of Theorem 23. Moreover 
Zo is total real since we have 

Lemma 7. Let § be a real field, W be cyclic of degree t over §.' Then either W is 
real or t = 2n and W has areal cyclic sub-field of degree n over §. 

For the conjugate fields of W are equal to W and hence W contains its complex 
conjugate. If T is the automorphism of W carrying each quantity to its com- 
plex conjugate then T? is the identity automorphism 7. Hence 7 = I and W 
is real or (I, T) is the unique sub-group of order two of the cyclic group of W. 
Then W has degree t = 2n and the field Z of all quantities of W unaltered by T is 
real and cyclic of degree n over &. 


III. Tae Muutipertication ALGEBRAS OF WrYL MATRICES 


1. Weyl Matrices. Let I be a J-involutorial field containing the least 
algebraically closed extension A of a field § and assume that a” is in § for every 
ain §. 

The quantities of A are algebraic of finite degree over §. If 


tat +... +a =0 


with a; in § then é is in A and (#)! + al(#) + --- + a7 = 0s0 that # is 
algebraic of finite degree over §. Hence # is in A for every £ in A. 

Let To, Ao, §o be the sets of all J-symmetric quantities of I, A, § respectively. 
Then To, Ao, §o are fields and Ty => Ap = Fo. If A # Ap then A = Ad(g), Y = 


—q,@ = win Ao. We then have the Artin-Schreier™ 





8° The present proof is much simpler than that in Albert (5). Moreover the existence 
proof for Z had an hiatus in the part where the author showed that Z) could be taken 
total real. This is corrected by the simple device used to prove the above Theorem 23. 
“9 A field Ao is said to be real if —1 is not a sum of squares in Ao. Moreover Ap is real 
closed if no proper algebraic extension of Ayisreal. The field Ay then has a unique ordering 
and most of the theorems of ordinary real algebra hold in Ap. See Artin-Schreier (1), (2). 
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THEoREM 24. Let A = Ao(q) # A. Then Ao is a real closed field of char- 
acteristic zero, A = Ao(t), 7? = —1. 

The algebra 3 of all p-rowed square matrices with elements in IT is a J- 
involutorial simple algebra with J given by 
(40) T= (ri), r = (9), = Thi (i,j =1,---,p). 
Consider in particular a J-symmetric matrix 
(41) 7 = RC, 
where C has elements in § and 
(42) CJ = €, e= +1. 


Suppose also that 7 is totally regular in A, that is every principal minor of 
VrV’ is non-singular for any non-singular V with elements in A. Then we 
shall call R a Weyl matriz*' over § with principal matrix C. If U is any non- 
singular matrix with elements in § then 


(43) R, = URU- 

is a Weyl matrix isomorphic to R. For obviously 

(44) ty = UrU" = (URU™)UCU’ = B,C, 
with 7, = ry totally regular and Cy = «Cy. 


If G and H are non-singular matrices with elements in § such that GRH is a 
Weyl matrix then we shall say that GRH is associated with R. Evidently r 


is associated with R. 
The set % of all p-rowed square matrices A with elements in § such that 


(45) AR = RA 
is a linear associative algebra over § called the multiplication algebra of R. 


We shall study the structure of 2. 


2. The reduction theory. A Weyl matrix R is called reducible if it is iso- 
morphic to 


Ri Q 
(46) ). 
where R; has m < p rows and columns; otherwise irreducible. If we write 
71 «(73 (Ri Q\(G Cs 
om ro a)-we= (0 eG. a) 
then 
(48) To= RCo, ™~= RC4, t3 = RCs; + QC2. 





‘1 See Weyl (2). Weyl considered the case where I is the field of all complex numbers, 
7 is real, and wrote r = CR. It is more natural to take our equivalent form r = RC above 


and our later theory of Chapter IV is simplified thereby. 
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Since + is totally regular rz and hence C2 are non-singular. By a simple com- 
putation we have the 
Pomncar& THrorem. A reducible Weyl matrix (46) is isomorphic to 


: Rk, 0 
an y-1 = 
(49) Rv = URL i. id ‘ 
where R, and Rz are Weyl matrices and 
(50) U = e ook B= —C,;Cy'. 


As an immediate consequence of the Poincaré theerem any Weyl matrix R 
is isomorphic to 


Si Rix 
(51) a) Sj = “He Ry = Rj, 
Si Rit; 


with R; irreducible and R; not isomorphic to R; for 7 # k. We also have the* 

Scour Lemma. Let R, and Rz be irreducible Weyl matrices and UR, = R2U 
for Uin&. Then U = Oor ts non-singular. 

It is now easily shown that algebra %{ is a semi-simple algebra with simple 
components %;, the multiplication algebras of the S;. Each YU; = Dt; X D; where 
,; is the multiplication algebra of R; and is a division algebra, 2; is a total 
matric algebra of degree t;. This than reduces the study of % to the case where 
R is irreducible and % = D, a division algebra. 


3. Weyl matrices over a modular field. The multiplication algebra % of a 
Weyl matrix R over § is an involutorial algebra over §. Forlet 7 = RC = 77 = 
CYR! = eCR’ and AR = RA. Then AYR’ = R’ (eC RC) = € (C“RC)A’ and 
hence CAYC1R = R(CA/C-'), 


(52) A? = CA’C 
is in U for every A of %. 

We assume now that § has characteristic p > 0. By Theorem 24, A = Ao 
is composed of J-symmetric quantities so that A’ is the transpose A’ of A. Then 
(53) A? = CA'C-, A' = RCA’ = RAC = A* 


for every A of %. We shall prove 
Lemma l. Let A = A™ be in&. Then the algebra A(A) contains no nilpotent 
matrix. 





“ Cf. Weyl (loc. cit.) for the case r = CR. His proof is almost identical with ours 
except that we have C’ = eC, « = +1 instead of « = —1. Hence we shall give no de- 
tails here. 

“8 Cf. Wedderburn (4), section 8.04. 
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For if B ¥ 0 is in A(A) and is nilpotent we may take B? = 0, B ¥ 0, with- 
out loss of generality. But 7A’ = Ar so that r(A’)* = A*r and rB’ = Br. It 
is well known that there exists a non-singular matrix G with elements in A such 


that 


B, 0 0 1 
= aap —l —_ = 
(54) By = GBG> = ( ; a}. B, = (° - 


We write 


- ,_ {nT 72 _ (Bin Bin\ pr _ 7,B, 7B; 
(55) 70 = GrG" = (2 2 F Boro = a ) = 1B, = ("8 7B; 4 


where 7; is a square matrix of two rows, and obtain B,r, = 7,Bi, 


Ar de As AG , he O 
fr “ =~ a -_ 
(56) " by *) ’ Bree fs 0 ) 7B . i .) ’ 


so that 44 = 0. But 7 is totally regular in A and so is 7) which has \,y = 0 as 


principal minor, a contradiction. 

If §(A) is a field which is inseparable over § then A(A) contains a nilpotent 
matrix. Hence we have 

Lemma 2. Let §(A) bea field and A = A’. Then §(A) is separable over §. 

We now assume that §(A) is a field and A” isin §(A). Then the field §(A) 
is a J-involutorial division algebra so that either A = A’ or §(A) = Ro(q) where 
@ = —qorg+1. Imany case & is separable over §, Ro(q) is separable over 
Ro, so that §(A) is separable over §. Hence the roots a, --- , a of the min- 
imum equation of A are all distinct and p = tr, 


(57) V = (aj "I,) (j,k = 1,---,, 
is non-singular. We may take A so that 
fel, 
(58) a= VAV'= 
al, 


Then V7.= V’ and VrV’ = VRV-'VCV’ has non-singular principal minors. 
Put VCV’ = (Cy) and CA’C = A? = f(A), so that (VCV’) (VAV-)’ = 
Vf(A)V-VCV’ and hence 


(59) Cx [ox Sat S(a)] = © (J, k= 1, 2 t). 
It follows that 
(60) Cx. = 0 (ax * f(a;)). 





“Cf. Van der Waerden, vol. II, p. 174. 





» by 


. 


= 


poh See 


—~ 








Bt Rt ee Feet ees 


ne 








914 A. ADRIAN ALBERT 


Since AR = RA the matrix a is commutative with VRV~ and hence 
R, 
VRV— = 
R, 
Then 
(61) VTV’ = (R,Cjx) 


has non-singular principal minors, so that Cj; is non-singular. But C;; = 0 
unless a; = f(a;). Hence f(A) = A. We have proved 

Lemma 3. Let A’ be in the field §(A). Then A? = A. 

Suppose that § has characteristic two and let D be a normal division algebra 
over § such that D < Y% and A?” is in D for every A of D. Uf € is any T-in- 
volutorial sub-field of D then we have proved that either © = G@ is composed 
of T-symmetric quantities or € = G)(q) is a separable extension of G. By 
Lemma 2 the field © is separable over § and hence € is separable over §. But 
by Lemma 3 we have € = G. We assume that © has the largest degree of all 
symmetric sub-fields of D and hence € = (A). The algebra % of all quanti- 
ties of D commutative with A is a normal division algebra over §(A) and 
contains no B = B’ notin §(A). Butif Bisin $8 then BA = AB, ABY = B’A 
and BY isin. When 8 + (A) there exists a B ¥ BY’ in B, while 8 = B + BY 
is in §(A), and BY = B — Bisin §(B, A). Hence §(B, A) is a T-involutorial 
sub-field of D and B’ ¥ B, a contradiction. Thus 8 = (A). 

Algebra D has degree 2° over § by Theorem 12 and (A) is a maximal sub- 
field of D. It is known* that then there is a field §1< A such that Dy, = D X Hi, 
is a T-involutorial normal division algebra over §: and the field §:(A) contains 
a subfield §1(Ao) of degree 2°! over $1. The algebra % of all quantities of Dg, 
commutative with Ao is a normal division algebra of degree two over 5 = 
$1(Ao) and contains the separable quadratic extension 6(A) = §:(A) of §. 
We may write 6(A) = §(A1) where Aj = A; + aandaisin . Then there 
exists a Bin S such that BA = (A+ 1)B. But B(A +1) =(A4+1)B4+ B= 
AB and BTA = (A + 1)B" so that (B + B’)A = (A + 1) (B+ B*). We 
may take B = B” without loss of generality since B7 is in 8 and either B = B* 
or B + B’ ¥ 0 transforms A into A + 1. But then B?A = AB? and B? = 8 
isin §. Since B is not in § the T-symmetric field $(B) is inseparable over 
and hence over §. This is impossible by Lemma 2 so that e = 0 and D = §. 

We now let D be the multiplication algebra of any irreducible Weyl matrix 
over a field § of characteristic s > 0. If D contains only T-symmetric quan- 
tities then by the first section of Chapter II algebra D = Rp is a T-symmetric 
field. If t # 2 and D ¥ SK then there exists an A # A? in D so that B = 
A — A? ¥ Oand B’ = —B contrary to Lemma 3. Hence again D = Xo. Thus 





45 Cf. Albert (9), Theorem 23. 
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let + = 2. If D is an algebra of the second kind then R = &o(q) where g? = 
q+ 1contrary to Lemma 3. Thus D must be of the first kind. We let ®) = 
§(A) and define a and V as in our proof of Lemma 3. Algebra D over (A) 
is equivalent to a set of conjugate algebras D; over §(a;) and 


R,C,, 
VrV’ = . , 
RC 


where R; is a Weyl matrix over §; = §(a;) with D; over §(a;) as a sub-algebra 
of its multiplication algebra %;. If B is in D then B’ is in D and, since both 
B and B? are commutative with A, 
B, By 
VBV" = 7 , VBTV— = ia 
Bi Bi 

where BY = C;;B; Cj} is in D; for every B of D and corresponding B; of D;. 
Then 9; is a T-involutorial normal division algebra over §; and is a sub-algebra 
of Y%;. By our above proof D; has degree unity over §;. Hence D has degree 
one over &p and D = §&y. We have proved the important 

THEOREM 25. Let R be an irreducible Weyl matrix over a field § of character- 
istic not zero. Then the multiplication algebra of R is a T-symmetric field Xo. 

Theorem 25 evidently reduces our study of the multiplication algebra of a 
Weyl matrix R over § to the case where § is a non-modular field. In this case 
the centrum of % is a field %o or Ro(g), g7 = —q, and it becomes important to 


investigate the characteristic roots of matrices A = «A7,e = +1. We use 
our proof of Lemma 3 with VrV7 = VRV-'VCV% and obtain 


(59.1) Cy (ax cas ea’; ) = 0, 
so that 
(60.1) Cy. = 0 (a, ~ ea). 


Then the regularity of VrV’ of (61) implies that a; = ea}. We have proved 

THEOREM 26. Let e = +1landA = é€A’ bein the multiplication algebra D 
of an irreducible Weyl matrix R over a non-modular field §. Then the character- 
istic roots of A satisfy 


(62) a; = €a;. 


4. Definite Weyl matrices. The matrices 7, = R; = 1, rz = Rz = — 1 are 
both totally regular and non-isomorphic and yet UrU’ is not totally regular if 


7, 0 — 0 2 
(63) Tf = ’ U = ’ UrU’ = ° 
0 1% 1 1 2 0 
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In our later treatment we shall find it desirable to compose Weyl matrices and 
hence shall restrict all further attention to the following case.“ 

Let I ¥ Ty be algebraically closed so that T> is real closed, T = T(t), 2 = 
—1l. Ife = a+ bi with a and b real (in To), then é@ = ce? = a — biandr = # 
may be called an Hermitian matrix. We shall assume that every principal minor 
of + has positive determinant. Then r is positive definite and totally regular in T 
and we call the corresponding Weyl matrices R definite Weyl matrices. 

We may now prove a partial converse of Theorem 26. Let R be any Weyl 
matrix with multiplication algebra 2 and let A in %& have irreducible minimum 
equation and characteristic roots a; = «&,¢ = +1. Then we have seen that 


Ri 
(64) VRVI={ - |, VCV’ = (Cx), 
Ri 
so that R;C;; = 7; is a principal minor of VrV’ and is positive definite. Then 
so is 
Ty 
(65) a: es | 
T¢ 


and 7) = RC» where Cy has elements in § and it is well known* that Cy may 


be chosen so that 
Cy 


(66) VOV’ = ; 
Cu 


Then CoA’Cy = eA = A? and we have proved the converse 

THEOREM 26C. Let R be a definite Weyl matrix with multiplication algebra % 
andr = RC so that X is T-involutorial with A?’ = CA'C—' for every A of XU. Then 
if A in UX has irreducible minimum equation and characteristic roots a; = € &j, 
e = +1, there exists a positive definite matrix t) = RC» such that AT? = CyA'Cy = 
eA and Cy, = iC if C’ = 80. 

If FR is any irreducible definite Weyl matrix of order p the matrix 


R 
R 
(67) Ryo = A 
R 
‘6 An elaborate discussion of the total regularity of r> would be necessary in the general 
case where 7 is not assumed to be positive definite. 


47 Cf. Albert (1), p. 73, for the Riemann matrix case. 
48 Cf. Albert (2). 
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of order mp has multiplication algebra YX = D X M where D is the multipli- 
cation algebra of R and $M is a total matric algebra of degree m. The structure 
of D is determined by that of & and conversely. We may therefore use (67) 
to replace D by a crossed product. 

Let R be an irreducible definite Weyl matrix and & be the centrum of D. 
Then & is also the centrum of Ry and we call R and Ry Weyl matrices of the’ first 
or second kinds according as does not or does contain a T-skew quatitity 
(where if A is in & and r = RC then 


(68) AT = CA'C—) 


If § = Fo(g) then g? = — qand R is not of the first kind. Hence § is a real 
field when R is of the first kind. 

Suppose first that R is of the second kind. It is trivially shown that if D 
has order 2n"t over §, degree n over &, the number of linearly independent 
T-symmetric quantities of D is n*t over §, n? over KR, and hence that D has a 
basis of symmetric quantities with respect to . Then obviously D contains a 
maximal sub-field R(x) with x7 = x. By Theorem 26 the root field of Ro(x) is 
real and hence there exists a total real galois extension Zp of Ry such that Z = 
Z X K over & is a splitting field for D. We have proved 

THEOREM 27. The multiplication algebra D of any irreducible definite Weyl 
matrix R of the second kind is similar to a crossed product XU = M XK D of The- 
orem 10, where Zo is total real over Ro and % is the multiplication algebra of the 
definite Weyl matrix 


R 


(69) 
R 
We now let G, H range over all automorphisms of a total real galois extension 
Zo of Ko, A = (Z, a) where a = (do,n), Ae,u = Gem A Ac,nxq, KR = RKo(q) and 
Qc, and d¢.z2 in Zo. Write dg” = de, = Ae,ngq so that, by Theorem 10, 
there exist solutions dg in Zo of 


(70) dgy(ded,g)—! = Ge,nde,n . 


We may prove | 
THEorEM 28. Let % be the multiplication algebra of a definite Weyl matrix 


of the second kind. Then (70) must have a set of total positive solutions dg in Zo. 

For 7 is positive definite and so is uri, where the ug area Z-basis of %. But 
by Theorem 26 algebra % is T-involutorial with an involution T such that the 
quantities of Z) are T-symmetric. By our proof of Theorem 10 we must have 


ug = (uede)— and hence 


(71) uk = (uede)—! = (doug)! = wg! (dg-')"' = CasC™'. 


a 





! 
; 
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Then ugti, = ugR(Ca,C~')C = uc(uz) r = (do-')~'r. Moreover if Z = 
Ro(y) we have 


af, 7 
(72) Vyvt={| °- |, He aif ty) oh 
al, Tr 
where 7; = R;C; is positive definite. Hence so is 
Sole,)r, 
(73) VforV = teh 
Salax)re 


where fe = (d3~')~' is im Z. But then fe (a;) > 0 so that de must be total 
positive. 

We next consider the case where D is an algebra of the first kind and assume 
first that D contains a symmetric quantity x of degree n over R = Ry where n 
is the degree of D over R. Then the root field of R(x) is a total real galois ex- 
tension of ® and ®D is similar to a crossed product of Theorem 10. We also 
have immediately as in Theorem 28 

THEOREM 29. Let UM = (Z, a) over R = Ko be defined by a total real galois 
field Z and be the multiplication algebra of a definite Weyl matrix R. Then the 
equations 


(74) den(dgdu) = (de,n) 


have a total positive set of solutions dg in Z. 

We next prove 

THEOREM 30. Let D be the multiplication algebra of a Weyl matrix of the first 
kind and with no maximal T-symmetric sub-field. Then D is similar to AX = % 
X Q where %, is a crossed product A, = (Zo, a), Zo total real, and 


(75) Q= (1,247, 4), fo=-Y, P=fPp=-l1. 


Moreover % contains no maximal T-symmetric sub-field and there exist a set of 
total positive solutions dg of (74) in Zo. 

For let x be a T-symmetric quantity of D of the largest possible grade with 
respect to R and let B be the algebra of all quantities of D commutative with <. 
If bz = xb then b?x = xb? and a = b + b’, B = bb? are symmetric and hence 
in R(x). Then bis a root of z2 — ax + B = (x — b) (x — b”) = 0 and £ has 
degree one or two over &(x), ®(x) has degree n or n/2 over R where n is the 
degree of D over R. We have considered the former case and hence restrict 
our attention to the case where 


(76) B = (1, v, w, vw) , vu = — wW, v= —a, w= —B 


with a and B in R(z). 
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The only symmetric quantities of 8 are the quantities of @(r) and hence 
we may take v»” = —v, w” = —w so that a and 8 must be total positive quan- 
tities of X = K(x). If Xo is a scalar field isomorphic to X and ap, B of Xo, 
correspond to a, 6 of X then Xo(aj/*, 65/*) is total real. The corresponding 
root field Zo is a total real galois field which does not split D but Dz, is the 
direct product of a total matric algebra and Q of (75). If Z = (Zo, io) where 
ij = —1 then Z splits D and.if & is the crossed product defined by Z and 
similar to D then the sub-algebra of all quantities of {1 commutative with every 
quantity of Zo is equivalent to B over Z. But evidently Bz, = Q X Z and 
hence % = %, X Q where %; = (Zo, a). Moreover if P is the field of all real 
numbers than Wp ~ Q is not a total matric algebra and %& can have no maximal 
symmetric sub-field. 

We now let & = %, XK Q be the multiplication algebra of Ry. If L is the 
automorphism of Z = Zp X (7%) which replaces i by —i we may take j = ux 
and ZL commutative with all the automorphisms of Z, uz commutative with all 
the ue. By Theorem 15 we may take 


(77) 7=—-t, 2 = %, 


for every z of Z. The algebra %, has exponent at most two and hence (76) 
has solutions dg in Z. Then we will complete the proof of Theorem 30 if we 
can prove that uZ = (ued¢)—! with de in Z and G ranging over all automor- 


phisms of Zo. 

Algebra & is J-involutorial with 77 = — i, #7 = —j, 23 = 2, ug = (Uete)™ 
with cg in Zp and a solution of (74). By Corollary I to Theorem 4 we have 
(78) A? = p'a’p, 
where pis in Z = Z(i) and p>’ = +p. If p™? = — p then p = poi with pm 


in Z and j7 = ipo"(—j) pot = j contrary to hypothesis. Hence p is in Z 
and %, is itself T-involutorial. Then uZ = (uedc¢)— with de in Zo and, as in 
the proof of Theorem 28, dg must be total positive. 

The conditions of Theorems 28, 29, 30 are sufficient as well as necessary 
that D shall be the multiplication algebra of an R. We shall give the existence 
theorems in our last chapter. 


IV. Centra WreyYL Matrices 


1. The §-algebra of a Weyl matrix. Let R be a Weyl matrix defined by 
t= RC and let % be the set of all square matrices A with elements in § such 
that RAR = B has elements in §. Then % is a linear associative algebra 
over § and we call B the §-algebra of R. Evidently AR = RB if and only 
if GAG"(GRH) = (GRH) H-'BH. Thus associated Weyl matrices have equiv- 
alent §-algebras. When G = I, then R has the same §-algebra as RH. In 
particular R and 7 have the same §-algebras. 
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2. Central Weyl matrices. The §-algebra 8 of a Weyl matrix R contains 
its multiplication algebra MU. We call R a central Weyl matrix if 8 = A. Then 
R is central when AR = RB if and only if A = B, AR = RA. 

Let § = foand 7 = 7 + 7T2p where 7 = T, ~ 0 andr, = — rT) #0. Then 
we shall assume that either 7, or 72 is non-singular. If § ¥ % or one of 7; and 
r2 is zero then the non-singularity of 7 will be sufficient and we make no further 
restriction. With this hypothesis® we prove , 

THEOREM 31. Every Weyl matrix R satisfying the above restriction is asso- 
ciated with a central Weyl matrix Ry defined by the same tr = RC = RCo. More- 
over if r = 1’, &¥ = Fo, then we may take Co = Co. 

For the matrices 71, 72 have only a finite number of elements and hence 


(79) r= 2 & (C+ Dio), C=C, D; = —D;, 
where C; and D; have elements in §o, &, ---, & are in Ip and linearly inde- 


pendent in To. If § = Ro then &, --- , &, &p,--- , &p are linearly independent 
in §. But then Ar — 7B = DO €JA(Ci + Dip) — (Ci + Dip)B] = 0 80 
that A C; = CB, AD;= DB. Then A(2n;-C; a ¢D;) = (2n:C; + ¢D,;)B 
identically ni, ¢:. If 71 is non-singular the determinant of 27,C; is not zero 
for n; = £; and hence does not vanish identically in the 7;. Then there exist n io 
in § such that Co = ZnwC; = Co is non-singular and ACy = CoB. If 7 is 
non-singular then Cy = 2foD; is non-singular for fi in F§ and Cy = — Ci, 
AC, = CoB. In either case Ry = r Co’ is a central Weyl matrix since if 
AR, = RA then ArCy! = 7rC>p' Av, Ar = 7B where B = Cy’ AC = 

Cy AoCo, A = Ao. 
Let next § # Jo so that r = 7 is non-singular and we may write r = >> 
t=1 


£:;H; where &, --- , & are in Ip and are linearly independent in §, 
H,; =C:#A Dp = Hi 


has elements in §. Then Art = 7B implies that AH; = H,B and hence 
there exists a non-singular matrix Co = LEH; = C} such that ACy = CoB. 
Thus Ryo = 7C>* is a central Weyl matrix. 

We next prove 

THEoREM 32. Let Ri = U-'Ry U be isomorphic to a central Weyl matrix Ro. 
Then R, is a central Weyl matrix. 

For if AiR, = R,B, then A,UR)U = UR, UB,, (UA,U-))Ry = R.UBU". 
Since Ry is central, VA,U-! = UB,U— and A; = Bi. 


3. A generalized Schur Lemma. The Schur Lemma does not suffice for our 





4° We shall later study the question of the existence of C = eC’ such that CA7C-! = A” 
for A in a given algebra &. These later results will enable us to prove Theorem 31, as a 
corollary of Theorem 55, without the above hypothesis. 
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later work where we study associated Weyl matrices so we shall prove the 


generalization. 
THEOREM 33. Let the §-algebra of either of two p-rowed Weyl matrices R and 


S be a division algebra and let 
(80) BR = SA, 


for p-rowed square matrices A and B with elements in §. Then either AB is 
non-singular and § 1s associaied with R, or A = B = 0. 

We first prove the 

Lemma. Let + be a positive definite Hermitian matrix. Then A'r A = 0 if 


and only if A = 0. 
For there exist non-singular matrices P and Q such that 


I,0 
(81) PAQ = ( 
00 


where ris the rank of A. Ifr >0 then 


—— I,0 T1 T2 IO Ti 0 
0 = (PAQ)’ (P)’ + P>(PAQ) -( )( )( r ( ) 
0 0 Ts 74 0 0 0 


so that 71 = 0. But (P“)’ + P- is positive definite and cannot have a 


zero principal minor 7; of order r. This gives the lemma. 
Now let r = RC, o = SC, and assume without loss of generality that the 
j-algebra of R is a division algebra. Then B +r = o Ay where Ay = Cy7'AC 


and hence 7B’ = A’z, 

(82) Ag o Ao = 7(B’Ao) = (AgB)r. 

Hence B’Ay is in the §-algebra of 7 and B’Ay is non-singular or is zero. In 
the former case AB is non-singular as desired. In the latter case Aj o Ay 


is zero which is impossible unless Ao is zero by our lemma. Hence A = 0 and, 
since R is non-singular and BR = S. = 0, B = 0. 


4. Reduction theory. We may prove 
THEOREM 34. Every reducible central Weyl matrix is isomorphic to 


Si R; 
(83) a i Sees": el 
Ss, 'R, 
where the R; are irreducible central Weyl matrices such that R; and R; are not 


associated for i * j. Conversely every Ro of the above form is a central Weyl 


matrix. 
For by our reduction theory for Weyl matrices and by Theorem 32 we may 
take Ro in the form (83) with the R; as irreducible components and R,; not 


a +i 


a 
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isomorphic to R; fori ~ 7. If AiR; = R:B; then 


- R, IR, 


























q oJ L J ‘ - oe ' 0 
and the property that Ry is a central Weyl matrix implies that A; = B,, the 
R; are central. If GR, =R,H for G and H non-singular matrices and G ~ H 
then AxS, = S,Bs, where As, is a matrix of diagonal blocks G and other 
blocks of zeros, B,, is a matrix of diagonal blocks H and other blocks of zeros. 
But we put A = (A,;) + B = (B,) with Ay = B; = 0 unless i = s,j = k 
and have AR) = RB contrary to hypothesis. Hence R; is not associated with 
R; for i ¥ 7. 

Conversely let Ry have the from (83). If AS; = S,B then Ay.R; = RnB. 
By Theorem 33 A;, = Bj; = Ofort ~ m. If t = m then Aj.R; = R:Bjx im- 
plies that A;, = By,and A = B. Hence S; is a central Weyl matrix and AS; = 
S,B implies that A = B = 0 fori * m. Suppose then that AR, = RB, 
Ai;S; = S:Bi;. Ifix 7 then Ai = B;; =0. Ifi= j then Ai; = B;; so that 
A = Band we have proved Theorem 34. 


5. The Weyl matrices associated with a central definite Weyl matrix. Let 
R be a central Weyl matrix and let Ry be associated with R. Then Ry = 
HRG where G and H are non-singular and Rp is isomorphic to HRy»H = RGH. 
Hence we may assume 


(84) Ry = RG 


without loss of generality. We shall prove 
THEOREM 35. Let Co be a principal matrix of Ro. Then 


(85) G = CC;,', t= RC = RC, 


where C is a principal matrix of R. 

For if 7») = RoCo and t = RC are positive definite Hermitian matrices then 
to = RGCy = 1CGC, Cy = aC, 0’ = C,e@ = +1,¢€= +1. We obtain 
7) = (CAGC)' + = t = RGC, = (GC,)’ « CRC and hence RGCC— = « 
(GC,)'CR. But R is a central Weyl matrix so that GC) = «(GC))’ = C1, 
RC, = 7 is positive definite and C, is a principal matrix of R. Then G = 
C,C>' as desired. 

Theorem 35 evidently implies that the most general Weyl matrix associated 
with R is the isomorphic to a matrix of the form 


(86) RCC;', 
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where C is a principal matrix of R and C) = + Cj is any non-singular matrix 
with elements in §. Since C is absolutely arbitrary apart from its property 
() = + C% the following theorem completes the theory of this section. 


THEOREM 36. Let FR be a central definite Weyl matrix over § with principal 
matrix C and multiplication algebra AX and let 


(87) Ro = RG, G =CC;' 


where Co = oC, €& = +1. Then Ry is a Weyl matrix associated with R and 
the multiplication algebra of Ro is the algebra B of all quantities of X commutative 
with G. 

For if AG = GA, AR = RA then ARG = RGA and A isin A. Conversely 
let AR) = RoA = ARG = RGA so that AR = RGAG". Since R is a central 
Weyl matrix A = GAG"isin &. Obviously r = RC = RG C = RCC = 
RoCy so that Ry is a Weyl matrix associated with R. 


6. The Weyl matrix Rk“. Let R be a central Weyl matrix and r = RC, 
(J =+C, R¥ = +C RC. Then R(+4C) = Cr-C’ is positive definite so 
that R-! is a Weyl matrix over § with + C as principal matrix. If AR“! = 
RB then RA = BR so that B = A is in the multiplication algebra of R. 
Conversely AR = RA implies that RA = AR™ and A is in the multipli- 
cation algebra of R-'. We have proved 

THEOREM 37. Let R be a central Weyl matrix over § with principal matrix 
C= €@€’,e = +1. Then R— isacentral Weyl matrix over § with principal 
matrix eC and the same multiplication algebra as R. 

Assume now that R is irreducible and has multiplication algebra D over §. 
Then R- is also irreducible and D is its multiplication algebra. We let 


(88) GR+=RH, G#0O, 


where G and H have elements in §. By Theorem 33 the matrices G and H 


are non-singular. 
Suppose also that G:R-! = RH, whence G:iG"R = RH,H— and G,; = XG, 
H, = XH where X isin D. In particular (GR) = RG = HR so that 


(89) HG =GH =-Yin®. 


Let A bein®D. Then AR = R-A and AG'RH = G"RHA, (GAG")R = 
RHAH—. Thus 


(90) GAG" = Ay = HAH™ 


is in D for every A of D. 
Equation (88) implies that RHR = rC-1H rC-! = G, rAr = B where 


A=CH, B=@GQ. 


But rAr = B implies that rA’7 = BY and thus A’ = CM, BY = GC. We 
obtain CG’ = GC, G,; = «CG’C—, while similarly H, = «CH’C™, 


(91) CGC = BG, CH’C-'= 6H, BinDd. 
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Consider the algebra Dp of all matrices 


A 0 
(92) ada= ( , 
0 


where A ranges over all quantities of D. Then Do is evidently equivalent to 
D under the correspondence in which a, corresponds to A. Let also % = 
Do + DoG where 


(93) tip 
93 = ; 
“ —G 0 
Then Ap = GAG, 
Y 0 
(94) g = i gag = ao, 


are in Do for every A of D. Hence % is an algebra over § with Do as sub- 


algebra. If 
: 0 
E= , 


then Ea,E— = a4, EgE-! = —g so that all quantities of the linear set Dp are 
commutative with E, all of Dog are transformed into their negatives by E. We 
have proved 

THEOREM 38. Let R be an irreducible central Weyl matrix with multiplication 
algebra D and 


(95) G=RHR (G0), 


for G and H with elements in §. Then GH = HG = Y in ®D, the algebra Do 
of matrices a4 in (92) is equivalent to D, and the linear set A = Do + Dog given 
by (93), (94) is an algebra over §. 

Algebra D is a T-involutorial algebra with A7 = CAYC—. Write 


0 C 
(96) Co = oe - 9=—&, 
and hence 
oe Aj 0 
(97) Cya,Co == 0 Ae = @,T. 


Then Dp is also T-involutorial with (a4) = a47. We also compute 


7 0 CHC 0 BH 
(98) Cg’Co' = = = ag = 9g", 
—CGIC 0 —BG 0 


and %& is T-involutorial with sub-algebra Do closed under T’. 
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Consider first the case where g is commutative with all the quantities of the 
centrum R° of Do. Then over R® contains a normal division algebra Do over 
R° and % is the direct product of Do and an algebra G of order two over &°. 
But G = (1, h), h? = a; in K°, h = a, + agg with a, and a; ¥ Oin Dy. Without 
loss ef generality we may replace G by G, = a2G@ and hence may take h = 
a +g. Then ah = aa, + ag = ha = aa + ag for every aof Do. The quan- 
tities 1, g are left linearly independent in Do, a = ap and aja = aa;. Hence 
a; is in R°, h? = a? + g + 2anrq is in RK so that a; = 0,h = 9, 2 = as ~ Vin R”. 

Every a of Do defines an a7 in Dp and (a7)? = a. Since ga” = a’g we have 
g'a = ag", g™ = agg so that aga = aa; for every a of Do. Thus a; is in R° and 
either ag = —1,g” = —gorg + g” = (a3 +1) g ¥ 0 is T-symmetric and may 
be taken to replace g. Hence g? = + g,g? = a;, 5 = 67, and by (89), (94), 
(95) we have 


(99) Ro = RH, Re = —sin8k. 


But we have shown that we may take 8 = +1 in (91), CH’C— = BH, (H-'C)’ = 
C1(H’)-! = Be(H"C). Put « = Be and Theorem 36 states that RH is a Weyl 
matrix over § with C) = H-C as principal matrix. Moreover HAH-! = A 
for every A of D by (90) and our above proof so that we have 

THEOREM 39. Let the matrix G of (95) be commutative with all quantities of 
the centrum & of D. Then G may be so chosen that the matrix Ro = RH is a 
central Weyl matrix with multiplication algebra D and principal matrix Cy = 
«C4 and such that there exists a quantity 6 = 67 in the centrum of D for which 


(100) R? = -3. 
Moreover —6Ry' = Ro, A = Do + Dogo is equivalent to A where 


(101) ( ”) 
rs oe 


If 6 = \-? with \ in & we replace g by a-g and have 6 = 1,% = Di @ De 
where the D, are equivalent to D. If 6 is not the square of any quantity ) in 
X the algebra (1, q) over &° is a commutative division algebra of order two over R° 
(quadratic field) and it is well known® that either & is a division algebra over 
R°(q) or A = Me X B where B is a normal division algebra over Mo(q) and WM: 
is a total matric algebra of degree two. We have 

THEorEM 40. If the algebra A of Theorem 39 is not a division algebra then 
either we may take R2 = — Land A = Di @ D2, Di =D, or A = Me KX B 
where B is a division algebra and Mz is a total matric algebra of degree two. 

We now assume that g is not commutative with all quantities in the centrum 
R° of Do. If k isin K° then sois kyo = gkg. Hence ° is an involutorial™ field 
and Theorem 2 states that there exists a sub-field > of R® such that R° = Z(u), 





5° Albert (10). 
For g? is in Dp and hence gkog-! = kos = k for every k of &. 
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gu = —ug, ko = k for every ky of 2, u2 = ain 2. We may take g? = + g as 
before and have gu = —ug,u’g = —gu™. Hence g(u + u?) = —(u + u7)9 so 
that we may take u?7 = gu,@= +1. Thecentrum of % is obviously = and it is 
well known” that % is a normal simple algebra over 2. But Dp is a division 
algebra so that either Y is a division algebra or &% = Me X B where Mz isa 
total matric algebra of degree two and % is a normal division algebra over ¥. 
Write H = — YG" and (88), (89), (90) give the equivalent conditions 


(102) Y=/Y7Tind, YRG(R =G, YG =GY, 
(103) (Y'G?)A = A(Y-'G?) , 

for every A of D. We also have 

(104) UR = RU, GU = —UG, RK = X(U) 


where & is the centrum of %{, & is the centrum of D. We shall use the above 
conditions later. We have proved 

THEOREM 41. Let the condition on G of Theorem 39 be not satisfied so that 
(102)—(104) hold. Then X is a normal simple algebra over = and is a division 
algebra or X = B X Me, B a division algebra, M2 a total matric algebra of degree two. 


V. Omeca Marrices® 


1. The matrices Qand Ry. Let C have elements in § and the property that 
Co = mC is a Hermitian matrix for either % = 1 or % = 7. Consider a p-rowed 
square matrix 


(105) 2 = ei. 
We 
with elements in I’, such that w; has r rows and 
(106) wiCws = 0; 1 = wCoa, 72 = — Ci ws 
are positive definite Hermitian matrices. Then 
a =p £9 0 
(107) & = 20,0 = Le} 


so that © and C) are non-singular and r is the index of the Hermitian matrix Co. 
We call Q an Omega matrix of order p over § with C as principal matrix. The 
unit % and the index r of 2 are uniquely determined by C. 


Define 
I, 0 
(108) E, = (( eal ) 
so that H,® is positive definite Hermitian. Then if 
(109) Rg = t)' 2"E,2, 





82 Cf, Albert (1). 
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the matrix RgC = QE£,QC = Q-'E,&(G-')’ is positive definite Hermitian so that 
Rg is a Weyl matrix over § with C as principal matrix and the property 


(110) (Ro)? = iT, = +1,. 
Conversely let R be a Weyl matrix with principal matrix C and such that 
R? = als, €q = +1. Let 
a3 = €1, Co = WC , Ro = “y 


so that R§ = Ip, RC = RoCy = 7 is positive definite Hermitian. Then R is a 
square root of the identity matrix J, and it is known®™ that there exists a non- 
singular square matrix Q with elements in § such that Ry = Q”E,Q. 
Let ‘eed = €oCo, @ = +1. 

The matrix r = RyC is positive definite and hence so is 


(111) tT = O70! = E,20,.0' = 7 = 0 2C)0'E,. 
Then 
(112) 200%’ = & jon ), 7) = ( ™ = = ‘oe ing 
mn 6 ~-"e —y 2 €oYs 072 
If ¢ = —1 then the complementary principal minors 7; and y2 of the positive 


definite Hermitian matrix 7) are zero, which is impossible. Hence ¢ = 1, 
¥3 = ys = 0. Thus Cy is Hermitian, % is our previously defined integer, and we 


have proved 
Tueorem 42. Let C = +C’, Co = iC = Cy be a Hermitian matrix of index r. 


Then a p-rowed square matrix R is a Weyl matrix over § with principal matrix C 
and R? = +I, if and only if 


(113) R = Ry = 1, ' 2,2, 


where Q is an Omega matrix of index r over § with C as principal matrix. Hence 
R? = eI, implies that C = eC’. 
% _ (2) 
wo2 


An Omega matrix 
of the same order and index as @ is said to be isomorphic to © if there exists a 


non-singular matrix A with elements in § such that 


(114) ao, = wnA, Q2G2 = ao2A 


for matrices a1, a2. Obviously (114) is equivalent te 


(115) % AQ = $5 °) 


0 ae 





*® Wedderburn (4), section 8.04. 
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and hence 2 and are isomorphic if and only if QAQ~ is commutative with E, 
for some non-singular A with elements in §. We note that if C is a principal 
matrix of 2 then C® = ACA’ is a principal matrix of %. 

If &AQ™ is commutative with EH, then Rg and Rg, have the same order and 
index and we have MAQ"E, = E,%AQ" pAQE,Q = WQ'E,MA, ARg = Ry, A. 
Then Rg and Rg, are isomorphic. Conversely if Rg and Ro, are isomorphic they 
obviously have the same order, the same 7, and the saine index, and ARg = Roy 4 
implies that 2 and Q are isomorphic. We have proved 

THEOREM 43. Two Weyl matrices Rg and Rg, are isomorphic if and only if the 
corresponding Omega matrices Q and % are isomorphic. 

A p-rowed square matrix A with elements in § is called a multiplication 
of Q if 


(116) ao; = wA, OL2W2 = @2A, 
where a; and a2 are matrices. Then (115) is equivalent to 
(117) gag =(% 9 

. a2 


and hence to QDAQ"E, = HE,QAQ-", ARg = RgA. The converse is obvious and 
we have 

TuHEorEM 44. The multiplication algebra of Rg coincides with that of Q. 

We shall call 2 a pure Omega matriz if its multiplication algebra D is a division 
algebra. Hence Q is pure if and only if Rg is irreducible. 


2. The §-algebra of an irreducible Ry. If Rg is an irreducible ‘Weyl matrix 
with principal matrix C then — Rg is an irreducible Weyl matrix with principal 
matrix —C, the same unit 7% as Rg and index p — r. In fact 


(118) —Rhg = io(Q") “1B y_,Q” , = HQ = (*) ’ 
where 
S fue ee . £ i 
(119) a = 4 0 . H ‘= iy. < ’ H 1K +H = By. 


Let AiRg = RgA2 where A; and Az have elements in § and Ai ¥ Az. Then 
RgAi(Re)? = (Ro)?A2Rg so that A2Ro = RogAi and if 


(120) A = 3(Ai + A»), N = 3(A — Ai) # 0, 


then ARg = ReA, NRg = —RgN. By Theorem 33 the matrix N is non-singular 
and if NiR = —RN, then N\N-is in D. Moreover N? and NAN~' are in D 
for every A of D so that the §-algebra of Rois D + DN. But — Rg has index 
p — rand can be isomorphic to Rg only when p = 2r. We have 

TuerorEeM 45. The multiplication algebra D of Rg is its §-algebra A if and only 
uf Ro and —Rg = Rov are not isomorphic. If A # D so that —Rg = NR.N“ 
then p = 2r and&A = DH + ON. 








iY 
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It is well known® that & = D + DN is a division algebra if and only if there 
exists no A in D such that (AN)? = 1. If N satisfies NRgN-! = — Rg so does 
AN = E and, by Theorem 43, we have 

THEOREM 46. There exists a matrix E with elements in § such that 


(121) E? = I2,, 140, = @oH, Vo@e = wi Ht, 
if and only if the §-algebra of Rg ts not a division algebra. 


3. Associated matrices Ry. We shall prove 

THEOREM 47. Let Ro and Rg, be non-isomorphic irreducible Weyl matrices with 
the same order p, unit %, and index r. Then Rg and Ro, are associated in § if and 
only if p = 2r and Rg, ts isomorphic to — Rg. 

For let ARg = Ro,B so that Ro,A(Re)? = (Ro,)?BRe and BRo = Ro,A. Then 
(A + B)Ro = Ro(B+ A). Since Rg is irreducible and not isomorphic to Rg, 
Theorem 33 states that A + B = 0, B = —A, —ARg = Ro A, A is non- 
singular, and Rg, is isomorphic to —Rg. By Theorem 43 and our proof that the 
index of —Rg is p — r we have p = 2r. The converse is obvious. 

We note finally that if Ro, and Rg are associated then either % is isomorphic 
to 2 or to Qy defined by (117). 


VI. Reat RremMann MatRrIces 


1. Riemann matrices over §. Let § be « real field, p = 27 and 


(122) Q = (:) 


be an Omega matrix over § with principal matrix C = —C’. Then we call w 
a Riemann matrix over § and define R, = Ro. It is evident that i = 7, y2 = Fj 
in (105), so that the second condition of (105) is redundant. Then our present 
definition is the direct generalization to a real field § of the Lefschetz® formu- 
lation of a definition of Riemann matrices over the field of all rational numbers. 

It was in the present environment that Wey] first considered® his matrices R 
with the property R? = —I,. Weyl did not however give the relation between 
R, and w nor did he consider the problem of determining w when R, is given. 


We shall solve this problem. We prove 
THEOREM 48. Let § be real, R? = —I,, and R be a Weyl matrix over § with 


principal matrix C = —C’. Then there exists a Riemann matrix w over § with 
principal matrix C and such that R = R, tf and only if R is real. 

For C is non-singular and skew-symmetric so that p is even and it is known 
that there exists a matrix A with elements in § such that 


, 0 I, _ 
(123) ACA’ = ce . p = 2r, 





* Cf. Albert (10). 
* Lefschetz (4). 
© Weyl (2). 
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and hence 


I, il, so: oe 
aaeed es be —_ Ls m= 2(6 §) 


Then Cy has index r so that R has index r = $p. 
If R = R, theny = iwCa’ = ¥’ is positive definite Hermitian, w) = y— iw 
is a Riemann matrix isomorphic to w, and 


(125) Q-! = (a, we). 
Then 
(126) R, = ifaw — (io)] 


is evidently real. Conversely let R be real so that R = Rg, where is given 
by (105). Since 7 = 7 equations (106) imply that w = w is a Riemann matrix 
over § and hence Q given by (122) is non-singular. Consider the equation 


(127) QR = iE,Q%, 


and obtain wR = iw;. Then wR = iw and the hypothesis that R is real implies 
also that oa = —iw so that 


(128) OR = iz,Q, R= R.,, 
as desired. We note that | 
(129) Q7'E,% = t1R = QE#,0 


implies that 
(130) W. = aw 


is a Riemann matrix isomorphic with w. 

It is customary to call a p-rowed and 2p columned Riemann matrix a Riemann 
matrix of genus p. We shall use this convention henceforth and then have R, a 
square matrix of 2p rows. 

If w and w) are Riemann matrices of genus p and R, = R,, then Q71H,2 = 
0Q7'£,Q%, MQ-' is commutative with E, and hence 


wm = G)-*-G XN) == 


Conversely if w) = aw then 


(132) 071 = ™ nf 

0 &@ 
is commutative with EZ, so that R, = R,,. If R, = —R,, then HAE, = 
— E,%2- and 


(133) Q = (? “)(2); ao = aw , 


and conversely. 





n 
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THEOREM 49. Let w and w be Riemann matrices of the same genus p. Then 
Ruy = + R, tf and only if w) = aw, or w = ad, respectively. 

We have therefore proved that the solutions w of R, = + R are essentially 
unique. Note that the matrix 


w 0 
(134) Ao = ( , 
0 @ 


is isomorphic to 


(135) A = (R., tp), 
since if 
fo f 
(136) Da ( ay * 
=p Ip 
then 
w® Ww 
(137) 7QA = 20,0) = ( ; *) = a. 
—W (é9) 


3. Real Riemann matrices. A Riemann matrix w of genus p is called real if 
(138) Aw =oaL, L? = I, 


where L has elements in §. Theorem 46 may now be restated as 
THEOREM 50. A pure Riemann matrix w is real if and only if the §-algebra 


of R,, is not a division algebra. 
By (138), \@ = wl and 


0 vr Ar O 
(139) ‘i = ole, p = 2170-1 = Ip. 
x 0 0 dM” 


But then if 


I r I I 
(140) jp a ( ¥ , wis (> e 
I, —d X —-d 


the matrix L is similar in T to 


0A ae 
(141) (uQ)L(uQ) = pz (; ’) pie wits. ts 


I 0 
-(; )=a. 
0 —I, 


It follows that E, is similar in § to L = AE,A~' where A has elements in § 
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and w) = wA is isomorphic to w and has the property \w) = a>. Hence we 
may rewrite (138) as 


(142) lw = oF, E = E, = ' 
0 —-I, 


Let Co be a principal matrix of w and write 


Ci C2 Ci —C, 
(143) w = (w, w2), Co = . , CoE = , , 
—C; C3 —C;, —C; 


where w, we, Ci, C2, C3 are p-rowed square matrices. Our definition of a Rie- 
mann matrix gives 


(144) (wCo)w’ = (wiCy — wes) wo + (wile + w2Cs) wo. = 0, 
whence 
(145) r= (wiC's + weC 3) ws = (w2Cs = w 0) w; ° 


Evidently E- = E’ = E, twa’ = twCy(AwE)’ = iw(CoE)w’drw is positive 
definite and 


(146) w(CoE)w’ = (aC, “ weC's) w; — (wiC2 (weC’s) Ws = —2r 


is non-singular. Our definition (145) of 7 states that w; and we are also non- 


singular. 

The matrix w is isomorphic to w) = iw,’ w = (S, iJ») where S = iwz'wy. 
But A(w1, We) = (a1, @2)E and Aw, = @1, Awe = — 2, 1A = —aw,! = aw), 
w'w, = —w ‘wis pure imaginary. Hence S is real and we have proved that 


every real Riemann matrix is isomorphic to w = (S, zJ,) where S is real and 
non-singular, and ® = wk.” 
We next show that if Co of (143) is a principal matrix of w = (S, tI,) then so is 


0 CC, 
(147) chit © 
—C, 0 
For we compute 
(148) R, = i2 EQ = i 
0 -I,/\S —uil> 


: ( Ss » ) S t)> ( a) 
= 4 = 
"4a, Weta a Wwf 
and have 


0 -—S" Ci C2 Sc, —S-C; 
(149) Tmo = R.Co = : = 
S 0 —C, C; SC; SC 2 





57 An analogous form was obtained by S. Cherubino (1). His form may be derived 
from the form (w:, w2i) of S. Lefschetz (2) by our above proof that wi, w: are non-singular. 
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positive definite by Theorem 48. But then SC, and S—'C} are positive definite 
and (147) is a principal matrix of R, and hence of w. Since 79 is real the matrix 
+ = SC? is a positive definite real symmetric matrix. 

We have w = (S, 7I,), 


Cc; 0 
(150) (S, ity ( = (r, I,) 


where 7 is a real Weyl matrix over §. Ifo = Gr H is any Weyl matrix asso- 
ciated with 7 then w is isomorphic to 


H 0 
(151) G (r, ty) ( = (a, iIy) 
0 ¢ 


By Theorem 31 we may take r = RC where C = C’ and R is a central Weyl 
matrix. We have 

THEOREM 51. Let w be a real Riemann matrix of genus p over §. Then there 
exists a positive definite real symmetric p-rowed matrix r = RC, where C = C’ has 
elements in §, and R 1s a central Weyl matrix, such that wis isomorphic to (c, ily) 
where o is any Weyl matriz associated with R. In particular w is isomorphic to 


Cc 0 
(152) Or = (r, tI p) ’ Oe = (R, iIp) = W, ’ 
0 Td, 


with principal matrices 


«4 0 Cc 
08 are 
= -C 0 


respectively. Conversely w, = @, E and we = &rE are isomorphic real Riemann 
matrices. 


4. Reduction theory. We shall henceforth use the canonical form 
w = (R, ily), where R is a central Weyl matrix, whenever we discuss real 
Riemann matrices. 

Let R be irreducible and D be the multiplication algebra of R. If A ranges 
over all quantities of D the set of matrices 


A 0 
(154) u=( 
0 A 


form an algebra Do equivalent to D. Since Aw = wa, the multiplication 
algebra % of w has Do as a sub-algebra. We shall prove 
THEorEM 52. The multiplication algebra A of w is Do or the algebra A of 


Theorem 38 according as R is not or is associated with R~. 
For let a = a + ai where a and az are real and aw = wa, a has elements 


ne ee 


ee 
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in §. We compute 


A; Az ; 
; aR = RA; + 7A3, at = RA2, + tAa, 
Az; Ag 


and hence have a, = As, ag = —RAs, aR = AiR = RA, —RA2R = As. 
If R is not associated with R-! then RAz = —A;R implies that A, = A; = 0 
be Theorem 33. Moreover R is a central Weyl matrix so that A; = Ay = A 
isin D anda = a,% = Do. If R is associated with R— then we put GR“ = 
RH as in (88) and have g defined as in (93), 


156 (—RHi (° ) G 
(156) —RHi) w = w ale = 


But —A;R-! = RAz so that as in the proof of (89), A; = —BG, A: = BH 
with Bin D. Also Ay = Ay = Ain D and 


. (elt 
“"\s al le 


isin A%. Thus % is the algebra of Theorem 38. We now prove 

THEOREM 53. Let w be given as in the hypotheses of Theorem 52 and w = (S, iI,) 
where S is a Weyl matrix. Then w is isomorphic to wo if and only if S is asso- 
ciated with either R or R-. 

For let aw = wa and a ~ 0 have the notation of (155). Then aR = SA; + 
1A3, at = SAo + 1A4, a= Qj + Qo. Hence aR = SA, aok = As, a= 
Ag, ag= —SAg2, A.:R = SA, —SA>R = As, SAe = —A;R-. If S is not 
associated with either R or R-! then Theorem 33 states that Az = As = Ag = 
A, = 0, a = 0, contrary to hypothesis. Conversely if A4R = SA; then A, and 
A, are non-singular and Aw = wa where A, and a are non-singular, 
Az = A; = 0, w is isomorphic to w. On the other hand if —SA2R = As; then 
—SAziw = wa with Ae, As, a non-singular, w is isomorphic to wo. 

A real Riemann matrix w will be called zrreducible if w is isomorphic to 
(R, iI) where R is an irreducible central Weyl matrix. If w is also isomorphic 
to (Ro, i>) where Ry is a Weyl matrix then we have proved that Ro is asso- 
ciated with either R or R— and hence has the same §-algebra as R. But then 
wo = (Ro, i[,) is irreducible if and only if the §-algebra of Ry is a division 
algebra. We now prove the 

ANALOGUE OF THE Porncaré THEorEM. Every real Riemann matrix w 1s 
isomorphic to 

” 


(158) 


(155) a= ( 
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where the w; are irreducible real Riemann matrices which are either equal or non- 


isomorphic. 
For let » = (R, 2J,) where R is a central Weyl matrix. By Theorems 34, 51 


we may take 
Ry 
(159) R= 
R. 

where the R; are either equal or not associated and are irreducible central Weyl 
matrices. Then w is obviously also isomorphic to (158) where w; = (Rj, iI>,) 
and if w; # w, then «; is not isomorphic to w,; by Theorem 52 unless w, = (R;', iI,). 
In this case we again replace w; by w; and have w, = a;. 

The above reduction of w is an essentially unique one and will provide a 
unique reduction of any real Riemann matrix to pure components when we 
have a reduction of an irreducible impure real Riemann matrix to its pure com- 


ponents. This is provided by 
THEOREM 54. An irreducible real Riemann matrix is impure if and only if 


it 1s isomorphic to a matrix 


WI 0 
vs op 
0 a 


where w; 1s pure and not a real Riemann matriz. 
For let w = (R, iJ,) where R is an irreducible central Weyl matrix and w is 


impure. By Theorem 40 and 41 the multiplication algebra of w is either D; @ D2 
or 8 X Me. In either case w is isomorphic to 


@1 0 
0 We ‘ 


where w; and we are pure and are non-isomorphic or isomorphic in the two above 
respective cases. When a = jaG = pwHG = jp wG" EG so that Aa = aL 
where L = GEG. But then w is a real Riemann matrix and 


1 @1 A2@e @1 i W) Ty 
(162) Aa = = woL => te 
Az @1 N we We Ls; We I 


If Le = Ls = 0 then Li = } L? = Top, and Ai@1 = wily, A4@e = wols4. The 


matrices w;, w, are real and are isomorphic to (Ri, tJ») (Re, iI) and w is iso- 
morphic to (S, 7J,) where 


Ri 0 
(163) S = ( 
0 Re 


is reducible. This is impossible by Theorem 49. 
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Hence Lz or L; is not zero and pa; = weM with M + 0. It is well known® 
that then » and M are non-singular and we is isomorphic to a. Hence w is 
isomorphic to (161). By Theorem 46 the matrix w; is not real since R is asso- 
ciated with R,, by (118), (120). The converse is an immediate consequence of 
Theorem 46. 

We have therefore completely determined the structure of real Riemann matrices 
in terms of their pure components. We also gave a complete treatment of the 
multiplication algebra of a pure real Riemann matriz in Section 6 of Chapter IV. 
We pass now to a study of the existence of Weyl matrices and pure real Riemann 
matrices with a given multiplication algebra. 


VII. Existence THEOREMS 


1. Representation theory. A simple algebra % of order h over § has the 
form®? 


(164) PIE = Ms x D 


where J, is a total matric algebra of degree s and D is a normal division algebra 
of degree n over the centrum & of &. The field R = §(k) where k satisfies 


(165) $00 a 8 + OP «++ ee Qee® (a, --- , a in §), 
irreducible in §, and® 
(166) h = s°nt 


We let 2 be an algebra of p-rowed square matrices with elements in §. 
The matrix & has an irreducible minimum equation ¢(A) = 0 and p = tpo,® 


‘O O---0 Qt | 
1 0 o- pe ko 
01 “u a i 
(167) kb=|) °° ‘I, k=| °-  |=bXIy. 
ko 
Ls ° 1 ay) 








Thus the set of all p-rowed square matrices commutative with k forms a total 
matric algebra with elements in §(ko) X Ip, = R. In particular W is a sub- 
algebra of Dt,, over KR and 


(168) Mr, = Ms x D x D1 x My 
where D~' is reciprocal to D. Thus 
(169) p = tsn?r. 





58 Cf. Albert (6). 

5° Cf. Wedderburn (4), p. 159. 

69 Cf. Albert (8), Theorem 11. 

61 A consequence of the theorem which states that the characteristic equation of k is 
an exact power of its irreducible minimum equation ¢(A) = 0. 
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We wish to construct p-rowed central Weyl matrices R with a given multi- 
plication algebra % satisfying the hypotheses of Theorems 27-30. This will 
not be difficult when R is arbitrary and we shall prove that the condition 
p = tsn*x is sufficient as well as necessary. When we have the additional 
complication R = Rg the condition p = tsn*z is known, in the theory of Rie- 
mann matrices, to be insufficient in special cases. Hence we shall choose x in 
a manner as convenient as possible in these more difficult cases. 

Let C = +0’, iC = Co = Cy be Hermitian of index r such that 


(170) CA'C3 = Ar, 


Then 
A 0 C 0 Co 0 
Aj = ’ C; — ’ Cu = ’ 
0A 0 0 Co 


give a representation of 2%, C by 2p-rowed square matrices such that Co has 
index 2r and C,A,Cj! = A’. Hence we may always replace r by 2r in our later 
discussions by taking the order of R sufficiently large. Moreover we have con- 
structed C so that the canonical form of Co is 


E 0 0 0 | 
0a OO 0 
(171) 00 -e O }’ 
00 0 -—e 
with e; and é diagonal matrices with positive elements. 


2. Adjunction of %, R. The T-symmetric sub-field & of the centrum & of 
an algebra % of Theorem 27 is a total real extension §(S) of the real field §. 
The minimum equation of S has degree u and real roots a1, +--+ ,¢u, Pp = UPy 


od, I», 
(172) ¢= - : ’ Vs = (of T,,), (j, k= 1,--:, u), 
Cul », 


and it is well known® that %{ has a representation in which 


V,SV;'! = o. 
The quantities A of % are commutative with S whence 
Ai 
(173) V,AV, =| - |, 
A, 





82 See Albert (7). 
68 Cf. Albert (1). 
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where the A; are conjugate p;-rowed square matrices with elements in §; = §(c;) 
respectively. Similarly 


Ry 
(174) V,RV;' = 
Ry 
The assumption that S is T-symmetric is equivalent to CS’C—! = S and thus 
to C’ = eC, e = +1, 


Ci 
(175) VEVe=| - |, Cpmel,, 
C: 
where the C; are conjugate matrices. But then Vs = Vs, 
71 
VetV,=VsRV3VCV,=| - |, 


Tu 


where 7; = R;C; is positive definite Hermitian. The matrix R; is a Weyl matrix 
over §; with principal matrix C; and RA = AR implies that R; has Y; over §;, 
equivalent to % as over &o, as a sub-algebra of its multiplication algebra. 
Conversely let R; be a central Weyl matrix over §; with principal matrix C; 
and multiplication algebra U; over §;. Then it is easily seen that the matrix 
R defined by (174) is a Weyl matrix over § with principal matrix C defined by 
(175). Moreover S is in the centrum of the §-algebra of R if there exist no 
matrices Ajx, By. with elements in §s = (01, «++ , ou) not all zero such that 


(176) AyRi = R By (j # k; 9, k= 1, wee ,u). 


We shall construct central Weyl matrices R; over §s with C; as respective 
principal matrices and %; over §s:as multiplication algebras. We shall also 
make R; not pseudo-associated in §s with R,, for 7] # k. Then (176) will hold only 
for Ax = By, = 0. The matrices R; are also Weyl matrices over §; and if A; 
and B; have elements in §; then they have elements in §s so that A;R; = R;B; 
implies that A; = B; is in YU; over §s. The only matrices of YU; over §s which 
are in §; are the matrices of YU; over §;. Thus R; is a central Weyl matrix over 
&; with Wf; over § as multiplication algebra. 

The matrix R of (174) is now a central Weyl matrix over § and has C’ as 
principal matrix and % as multiplication algebra. For if AR = RB then 
VsAV,'VsRV;' = VsRV;'VsBV,' and if 


VsAV,* = (Ax), VsBV,' = (Bu), (j,k =1,---,u), 





64 Cf. the treatment for Riemann matrices in Albert (4). 
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we have (176) for Aj, and B;, with elements in §s. Hence Aj, = Bx = 0 for 
j#k, A;;R; = R;B;; and Aj; = B; is in YX, A = B is in XM. 

We have thus reduced the question of the existence of an R over § with 
multiplication algebra % to the question of the existence of a set of u matrices 
R,--- , Ry over § with conjugate (with respect to a sub-field of §) principal 
matrices C; and conjugate multiplication algebras such that R; is not pseudo- 
associated in § with R; for 7 = k. When R is real so are the R; and when R = 
R, then correspondingly R; = Rg;. 

If § is a real field and R ¥ Ro the centrum of Y; is a quadratic extension &; 
= §(u'), us < Oin §;. When § is not a real field then ¥ = fo(), 5 = — p 
= p’, R = Ro(p), so that the centrum of A; is §; = Fo(o:, p). Obviously R = 
Ro if and only if § is real, ¥; = §(c;) is the centrum of W%;. Hence KR; + F; 
only in the first above case and we have already adjoined & except in this case. 
It is of course sufficient to assume that Ro = §. 

Let A = §(Q), Q? = wlp, wu < Oin F. Then p = 2p and we may choose Q 
so that 


I Tou? Ne, © 
(177) W = ( P0 prob ) Qc ~ wow xs (’ P0 ) 
Ip —Tpou' 0 —p Ino 


Since Q7 = —Q we have CQ’C—! = —Q,Q, = —Q, QR = RQ, and the equiva- 
lent conditions 


C; 0 R, 0 
(178) wcw' = . WRW- = ; 

0 C, 0 R, 
The matrix R; is a Weyl matrix over &; = §(u') with principal matrix C; and 
similarly for Re. 


We choose R,; not pseudoisomorphic to Re in §(u!) and make %, over §(u!) 
= § the F:-algebra of Ri, % over F2 = F(—w!) = Fi the Fi-algebra of Re. 
Then R of (178) will be a central Weyl matrix over § with % as multiplica- 
tion algebra and C of (178) as principal matrix. Moreover we select a set of 
matrices R’ not pseudoisomorphic in § by making the Rj and R} not pseudo- 
isomorphic to both R* and R§ for j # k. 

Thus our method of adjunction of R gives the same results as for %o. But 
there is a single additional restriction. 

When § is real and R is real the matrix Rz of (178) is the conjugate to R, and 
is not arbitrary. Hence in this case R; must be so chosen that it is not pseudo- 
isomorphic in §(u#) to Ri. 

We note that we first reduced the question of the construction of C = + C’ 
to that of the C; and then to that of C;, C;. Hence we need only consider the 
question of the existence of a C such that CA’C— = A? for every A of & in the 
case where % is a normal simple algebra of p-rowed square matrices with ele- 
ments in the centrum § of YW. . 

















940 A. ADRIAN ALBERT 


3. The existence of C. Let % bea J-involutorial simple algebra of p-rowed 
square matrices with elements in §, the centrum of Uf. We write 


(179) A = (aj) (a; in §;7,7 =1,---,p), 
and 
(180) A’ = (by), by = af (i,j =1,---,p), 
and prove 

THEOREM 55. Let Y be not a total matric algebra over ¥o. Then there exist 
two p-rowed square matrices Cy = Cy and C = — C’ with elements in § such that 


At = CA'C = CA'CO'. 


We write® M, = AX B, A =D XK Ms, so that B = D" K M,. By Theo- 
rem 5 the algebra D is J-involutorial and hence so is D“' and B. Then M, = 
% X B possess an involution J in which the sub-algebra % is self corresponding. 
But also M, has the J-centrum preserving involution A < A’. By Theorem 4 
there exists a non-singular p-rowed square matrix C = eC’, « = + 1 such that 
CA’C— = A’ for every A of Y. 

If § = Fo(p) and p = — p then Cy = pC has the property C, = —eCy. If § 
= % then D- has degree r ¥ 1 over % and contains a quantity a such that 
a—a’=b#0,Cb’C = —b. But D~ is a division algebra, b is non-singular 
and so is Cy) = bC. Obviously C)A’Cy' = A for every A of & while Cj) = 


eCb’ = — ebC = — Cy. We have proved Theorem 55. 
There remains the case % = Jo X Mts. In this case we take 
C, 
C= 
C; 


where C, = +C; isan arbitrary non-singular matrix and obviously C; = C; if 
sp is odd. 

As a corollary of our above arguments we may now complete Theorem 31. 
We take r = RC and Ar = 7B. Then B’r = 7A’, and the correspondence 
A «A? = B’ is an involution T of the §-algebra B of +. We have proved 
above that there exists a non-singular matrix G = + G@’ such that A? = 
GA'G" = B’' and hence GAG" = B. Put Ry = 7G = R(CG) and obtain AR, 
= 7(BG) = RA for every A in the §-algebra of 7. Thus RF is associated with 
the central Weyl matrix R) = RCG = tH and we may restate Theorem 31 
as the 

Corotuary. Every Weyl matrix R is associated with a central Weyl matrix 
Ry) = RCH where H = + H’ is a principal matrix of Ro. 





% This is, as in (166), a consequence of Albert (8), Theorem 11, and Wedderburn (3), (2). 





INVOLUTORIAL SIMPLE ALGEBRAS AND REAL RIEMANN MATRICES 941 


4. Matrices with a real quaternion algebra of multiplications. We shall 
study a real field § and a T-involutorial normal division algebra of the first 
kind over §. Let D be an algebra of Theorem 30 so that there exists a total 
matric algebra Qt, such that 
(181) A= M XD=QX A, 


where Y%, is a crossed product defined by a total real galois extension of § and Q 
is the algebra of real quaternions. We assume that % is an algebra of p-rowed 
square matrices with elements in §, 


(182) Q= (,, X, Y, XY), M=7 = -I,, YX = -XY, 

and have 

(183) p=n'xrs, M=M XDXKXD' KM, = (Q KAM) X (DO K M,). 
Theorem 12 states that n = 2 ¥ 1 since the extension of § to the field Ty of all 


real numbers of I’ does not split %. Hence p is divisible by four. We also 
obtained 


(184) ecu, Toua¥, 


in our proof of Theorem 30. 
Let Cy be a non-singular p-rowed square matrix with elements in § such that 


Co = Co, € = +1, 

(185) C.A’'Cy' = AT, 

for every A of &. If we pass to an equivalent representation of 2% such that A 
goes into PAP-! = Ap then 

(186) CrApCp' = (A)p 

where Cp = PCP’ = eC}. Hence a given one-to-one representation of & by p- 


rowed matrices with elements in § may be replaced by any desired repre- 


sentation. 
Write 


(187) p= 2\ = 4n, 
and take 


0h Rh th il, O 
(188) X= oe » §= VoXV,' = se 
—I, 0 KR -th 0 —7], 


where VoV'5 = 27>. Then necessarily 


0 Y 
(189) Y= * ” ), VYV,' == (; ', Yi = y:1 + yt, 
Yo —Y Y; O 


where y; and y2 are commutative \-rowed square matrices such that yj + y; = 
—I,, Yi¥; = —I,. Conversely if Yi = Yi + Yoi and 





ey i ee 


= 


4 





Sa an ee 


ts aa 


$25 
~ zs 


a eS 
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(190) MY, = -h, 


the matrix Y of (189) has the property YX = —XY, Y? = —I, and (188), 
(189) gives a representation of Q. Thus VY; is arbitrary except for (190). 
The condition CX’C-! = —X is equivalent to 


(191) Cx = VCV? * :) 
ee a 


with C, = ¢ C; non-singular and with elements in §(i). By a simple computa- 
tion the condition CY’ = —YC, (Y’)? = —I,, and hence C = YCY’, gives the 
equivalent condition 


(192) Y:C,Y; = Ci. 
The quantities of 2%, are commutative with both X and Y and thus 
A, 0 a 
(193) VoAV,' = «Be A, = Y;'AY,. 
0 A; 


But %{, is an algebra over § and we may thus take A, to represent the general 
quantity of %1, A: a real matrix. Hence A; = Y,'AY, and A; = A;. We 
shall later take the real splitting field Z of Theorem 30 to have a canonical rep- 
resentation and shall then restrict the form of Y; accordingly. But Y, will be 
otherwise arbitrary. 

Consider a central Weyl matrix R with multiplication algebra 2%. Then 
XR = RX implies that 


Si —Se R, 0O 
(194) R= »  VoRV>' = 

S2 Si 0 Ru 
where R; = S; + Sot and Ry = S; — Se. Then YR = RY is equivalent to 
(195) Ru = 8, — Sa = Y{'RY, = Y7{' (Si + Sai)Vi. 


The matrix R; is a Weyl matrix of order \ = 2y with principal matrix C; = 
Y,C,Y ; and the quantities of %, as multiplications. 

Conversely let R, be a central Weyl matrix with multiplication algebra % 
over §(z) and principal matrix C = YCY’ where Y is commutative with all of 
the quantities of %,. Then we determine R by S; = R, + Y7'RiY1, Sx = 
Rk, — S, and & is a Weyl matrix with principal matrix C given by (191) since 
RC; = 1 is positive definite, Y>'RiYiC:, = Yr'RYiY7'Ci(¥i')' = 
Y;' 1(Y;{')’ is positive definite. The §-algebra B of R has Q as a sub-algebra 
and thus 8 = Q X B:. If Bis in B, then 


B, 0 


(196) VoBV>! = ( ), Bh. «= TY. 
0 B, 
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and BR; = R,By. But our choise of R; implies that B, is in %, over F(z), B is 
in %. Hence £ is a central Weyl matrix over § with principal matrix C and 
multiplication algebra Y&. We have therefore reduced the problem of constructing 
R with multiplication algebra % to the problem of constructing R, with the given 
algebra of the second kind %, over §(i) and a given C, such that C:A{Cy' = AT 
for every A; of A. Obviously %, over F(z) is a crossed product of Theorem 28 
and this present construction is taken care of by our general considerations on 
matrices R with multiplication algebras of the second kind. Note that we have 
not adjoined the centrum of UX in the above but do so when we consider YA, over 
B(t), Ar. 

If we wish to make R real and hence S; and Sz real the situation becomes 
more complicated. Here we have R; = 8; — Sei = Y{'RiY. If alsoR? = +7, 
then also R? = + J/,. Thus we shall need to consider more complicated prop- 
erties in case R is real. We do so later. 


5. Reduction to the case % = jf. Our considerations have now reduced 
the study of the multiplication algebra % of a general central Weyl matrix & 
to the case where 2 is a crossed product over § defined by a galois field Z = §(y) 
with conjugate fields §(a:), (¢ = 1, --- , ), such that the a; are all real. We 
have p = n\ and the representation of 2{ may be so chosen that 


aly 
(197) VyV = . ’ V = (ai! qh) (i, j = 1, lite ,n) . 
[ an] 


] 


Ri 
(198) VRV- = . | VueV = || uelai, a) || (7 =1,---,n), 
R,, 


L 


and Cy’C-! = y gives 


Thus 


C(ai) 

(199) VCV’ = . , 
Clan) J 

The condition yug = ucy? is equivalent to 
(200) uc(ai,a;)) = 0 Ff ar Fal, 
so that the matrices VugV~— have only a single non-zero matrix in any row or 
column. We put 
(201) Ug = Us(o) = uolai, a) « 








a weep 
ee 


+s, ne ee 
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Then Rug = ucR is equivalent to 

(202) Ruc(ai, a) = uolai, a;)R;, 

and, since the wg are non-singular matrices, 

(203) R; = UeR,U;' ’ af a;= af, 


where FR, is a Weyl matrix over §(a1) with principal matrix C). 

Conversely let R: be a central Weyl matrix over §(a1) with principal matrix 
C, and let R, have no non-scalar multiplications, R; be defined by (203). Then 
I have shown® that the associativity condition of 2 and the equations uguz = 
UcHOcn imply that the matrix R is commutative with all the quantities of Y. 
Moreover ug = (fee) where fe isa total positive quantity of §(y) by Theorem 
28 and hence feucCtig = C, 


(204) fala) Uc(aija;) C(aj) Ue(a, aj)’ = Cai), 
whence , 
(205) fo(a$) Ue C(a) U0; = C(af). 


The matrix R,C(a) is positive definite Hermitian so that so is 
UcR,U;G' U¢C(a) U; = fo(a?)R Cai) ° 


Then VRV-VCV’ is positive definite and hence so is RC. Thus R is a Weyl 
matrix over § with principal matrix C. It is easily seen that our hypothesis 
that R,; has only scalar multiplications implies that the §-algebra of R is its 
multiplication algebra %. 

Let %o be a field conjugate to §, §1 contain Fo and §, Ro be a Weyl matrix 
over %o with principal matrix Cy and 


as 
(206) VR, e —_ 4 ’ Ro; _ UgRn os 
| Ron 


Then if A and B have elements in §: such that AR = RB we also have 
A,R, = RB, where A,, B; have elements in $1(a1, ao) such that Ai = B, = 0 
implies that A = B = 0. If Ry is not associated with R; then A = B = 0. 
We now let D be a T-involutorial crossed product satisfying the conditions 
of Theorems 27-30 and with centrum & over §. Then if %:, --- , % are the 
sub-fields of I conjugate to R we have reduced the problem of constructing a 
central Weyl matrix with % as multiplication algebra to the problem of con- 
structing ¢ central \-rowed Weyl matrices Ri, --- , R: with conjugate principal 
matrices C,, --- , C; respectively such that R; has only scalar multiplications in 
§; and is not associated in the composite (§i, §;) with R; for i ~ j. We shall 





66 Cf. Albert (2) as well as (4), (5). 
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construct central Weyl matrices R; over §® = (fi, --- , §) with principal mat- 
rices C; respectively, with only scalar multiplications, and such that R; is not 
associated with R; in §°. Then R; is obviously a central Weyl matrix over §; 
and has §; as multiplication algebra. We have reduced our problem of constructing 
R to the problem of constructing its components R;. 

We now consider the difficult case where R is real, § is a real field. Suppose 
first that % is an algebra of the second kind so that the adjunction of &» gives 


| 
(207) V;RV;' = ae 
a 
and the adjunction of & gives 
S; 0 
(208) W,RW; = ( ‘ 
0 8; 


In this case the §-algebra of R will have & as centrum if S; is not associated 
with S;, 8; S;. Weshall thus take the components R; of R to be non-associated 
and such that R; is not associated with R;, R;. 

Assume next that % is an algebra of the first kind with a total real galois 
splitting field. Then we need only take the components R; of R to be all real 
and will have R real. Hence in this case the problem is again reduced to the 
construction of the R;. Of course the condition R? = +/, is equivalent to 
R; = +], and we shall construct real matrices R; satisfying these conditions 
and with only scalar multiplications. 

We finally study the case where Y% = %, X Q so that 


S 0 
(209) V.RV> = (; > 


where S is a Weyl matrix of order 8 = 3p and there exists a 6-rowed matrix Y; 
such that CY = Y,C®Y), YUSY: = 8, ¥i¥1 = —J,. The matrix Cis a prin- 
cipal matrix of S and we wish S to be a central Weyl matrix over §(¢) with % 
over §(7) as multiplication algebra. But Y, is commutative with all the quan- 
tities of %, and hence the adjunction of &o to *(z) reduces our construction 
problem to the existence of sets of matrices of the form So with principal matrix 
Cosuch that Yio¥ 0 = —lh, Yy>Co¥ to = Co» YioSoV 0 = So, and such that AS = 
Su B if and only if A = B = 0. Moreover Yio is commutative with every 
quantity of %, over §(o:, 7) so that 


Y} 
(210) V¥wVt =| §- |, Yi = Ug¥iUG', 
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and 
Ry : 
(211) VSV*=) ©. |, (Yt 'RiYi=R, YiC(a)(¥$) = Cla). 
R, 
The matrix Y? is arbitrary save only that Y} Y} = —J,, 28 = 2ntu = pandu 


is even. We thus see that the second condition of (210) is a restriction on the 
Ug, and we need only construct a central Weyl matrix A; with a given princi- 
pal matrix C; such that, for a Y; at our choice, V4.7, «= Cy Ys: @ R,, 
R, has only scalar multiplications, and then construct other non-associated com- 
ponents in a similar fashion. When R? = +/, we must have Ri = +I, and 
we saw that we can then take the index s of the matrix C, to be even, if we 
desire, by studying matrices R of order 2p. We shall use this property in our 
later construction. 

In a later section we shall show that, in order to study real Riemann matrices 
and thus real Weyl matrices R associated or not associated with R-, it is suffi- 
cient to study R? = +/, or R not associated with R-. If R; are the com- 
ponents of R; and R; is not associated with R~, then a trivial computation 
shows that R is not associated with R-'. Hence we shall also restrict our 
matrices R; in this fashion. We pass now to existence theorems. 


6. The field §. The investigation made in previous chapters have lead us 
to consider a non-modular field § contained in an algebraically closed field 
Tr = F(z), To real closed, and 72? = —1. If aisin T thena = am + agi with 
a and ain Ip. We write & = a1 — azi, the conjugate of a, and are studying 
the case where @ is in § for every a of §, so that 


(212) & = Foor Foleo), F<, p= —p. 
In order to obtain our existence theorems we shall assume that § is a Hilbert 
Trreducibility field. 


Define Ao to be the set of all quantities of Ty which are algebraic with respect 
to %o. Then Ao is an ordered infinite field and if a < 0 then —a > 0; if a > 0, 
b > 0 then a + b > 0, ab > 0 for every a and b of Ay. We shall prove 

THEOREM 56. Let m, ti, --- , tm be any positive integers, 


(213) 0 <5; <4; (j = 1,---,m) 
be quantities of Ao. Then there exist quantities \4, --- ,\m in Ag chosen seriatim 
so that 6;, y; may be functions of du, --- , \j;-1 such that 

(214) s& <i%, <s, 

and the products 

(215) NFS? Nem (kj = 0,1,-++,2t;; gal,---,m), 


are linearly independent in §. 
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We proceed by induction and write Jo; = o(1, --- ,6;; vay «+> Wig Ayes: 
\;-1). It is then sufficient to prove the existence of a quantity A; in Ao satis- 
fying (214) and such that 1, dj, \j,---, 43% are linearly independent with 
respect to §, the composite of § and §;. By Theorem F1 the fields §o;, §, are 
H.I. fields and, since 


(216) J(x, Es) = wt) + Fear $e H Eas, 


is irreducible in §;(£o, £1, --- , &2;), there exist f, --- , Ea; in §o such that f(r) = 
f(z, :) is irreducible in §;. The equation f(z) = 0 has coefficients in the real 
closed field To and odd degree, and hence a root yu; in Ty. Evidently y; is in 
Ao and 1, yj, +--+ , «5 ‘i are linearly independent in §;. If u; < O0then —y; > 0 
has the same linear independence properties as un; so we may assume uy; > 0. 
Evidently yp; ¥ ¥; — 6; = Yo; > 0 which is in §;. If 0 < yw; < yo; we write 
ho; = wy. Otherwise un; — Yo; > 0, uj7'vo; > 0, whence Yo; > Wb ;u;' = Ao. In 
either case the quantity \o; > O isin Ay and generates ¥;(u;). Put Aj; = do + 4; 
so that ; is in Ao, the quantities 1, d;, --- , 45‘? are linearly independent in §; 
and 0 < dA; — 6; < y; — 6;,0 S 6; < d; < ¥; as desired. We have proved 


Theorem 56. 
We shall apply Theorem 56 by the use of the known” 


LemMA. Let 
(217) tT = (ix) G,k =1,-+-,p), 
be a Hermitian matrix and let v in To have the property 
(218) v > (ryxF)? jA#k;j,k =1,---,p). 
Then if the 7;; are positive real numbers such that 
(219) 7 = pl, 
the matrix + ts positive definite. 

7. Real Weyl matrices with only scalar multiplications. Consider a p-rowed 
square symmetric matrix (217) and write 
(220) »G-1)+j= % (¢ $j;1,j =1,---,p). 
Write y, = lif i ¥ j and 6, = p! if i = 7 and select the 4, as in Theorem 56 


such that m = $p(p + 1), 
(221) 1, Ax, AnAs (k, s=1,---, m), 
are linearly independent in §. By our above lemma the matrix 7 is positive 
definite. 

Consider matrices 


A= (ai), B= (b4;) ’ C= (Cis) , D= (Di) (2, m re 1, jig » P) ’ 





87 Albert (4), Theorem 6. 





inn, a 


ae a 
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with elements in §. Then we may prove 

TuEorEM 57. Let Ar —7B =7Cr4+ D. ThnC=D=0,A=Be=dal, 
where ais in §. 

For 


. ‘ Ketel De 
(222) 2. QijTjs — >> THx0ks = Zs TisCyotoe + dig (i,8 = 1,---,p). 
j=1 k=1 fo 
By the linear independence of (221) in § we have D = 0, rCr = 0 so that 
C = O since 7 is non-singular. If p = 1 then Ar = 7B implies that A = B is 
in §. Hence let p > 1 so that we may take 2 = 8, rj, = rix only when i = j, 
s=k. Then 
(223) 0 = (ai — des) TH + > QijTis — pa TikDks 
ji k#s 

is a zero linear combination with coefficients in § of distinct \.. These coeffi- 
cients must vanish and hence a;; = bi; = 0 for 7 ¥ j, A and B are diagonal 
matrices. Then (222) becomes aii Tis = Tisbss SO that 7;, ~ 0 implies that 
@ = ay = boo = ai; = b,,and A = B = al, as desired. 

The following theorem follows almost immediately from Theorem 57. 

TuroreM 58. Let C = + C’ be any p-rowed non-singular matrix with elements 
in F. Then there exists a Weyl matrix R with principal matrix C such that 


AR — RB =G + RHR, 


for A, B, G, H with elements in §, tf and only if G = H = 0, A = B = al, with 
ain. Moreover Ris acentral Weyl matrix over § with § as multiplication algebra, 
is not associated with R-, and has elements in A which may be taken real when C 
has real elements. 

For we take R = 7C~'so that AR — RB = G+ RHR is equivalent to 
Ar — rC1BC = GC + 7C'Hr. Thus GC = C-1H = 0s0 thatG = H = 0 
and A = C"1BC = al,,B =al,. Since AR = RBif and onlyif A = B = al, 
and —G = RHR if and only if G = H = 0, we have proved Theorem 58. 


8. Weyl matrices R not associated with R. Let § = Fo(e), 6 = —p.so that 
% is not a real field. If p = 1 then 7 = 7’ isrealand7 = 7, ar = 7a for every a 
of §, aR = R(CaC-) is associated with R. We wish to prove the existence of 
Weyl matrices R with the properties of Theorem 58 and not associated with R. 
Hence we assume p > 1. 

Put 2n = p(p — 1) and let yu; be chosen in Ao such that 


(224) 0 < we < 3(pp)? (k=1,---,n), 
while 
(225) 1, Mky MkMs (k = 1, nye N , 0) ’ 


are linearly independent in §. We also write \(p — 1)i +j = 7: as before 
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and choose (221) linearly independent in §® = § (ui, --- , un) 2ud such that 
(226) 0O<7 <4; DI<n (§ # j;t,j7 = 1,---,p). 
Consider the Hermitian matrix 

(227) T = 7+ op = (Tij) 

where o = (o;;) is a real skew-symmetric matrix defined by 

(228) o:% = 90, 9 oj = MpG—yy = —oK (OC <JJt=1,---, pj;j = 2,---,p). 
The matrix T has T;; = 73; + poi; and absolute values 

(229) [Tai l= 75; + (le lbou)? <1 (i ¥ j). 


By Lemma 1 the matrix T is positive definite and satisfies the properties given 
by Theorem 57. We now prove 

LemMa 2. Let a; + aep = aand a; and az be linearly independent in §. Then 
aand a are linearly independent in §. 

For if\a + wa = 0 then Xa + da = 0 whence va = —yaif v= X4 GZ. 
Write v = 1, + vep with real », and ve and have va; + ved2 p? = 0. Since a; 
and az are linearly independent in § we have 1 = ve = 0,v = 0,u = —A, 
ha = da. Put dA = 4 + Ag with A; and Az in Fo and have diaz + Ae = 0, 
\i = 0 = da, A = O as desired. 

We have chosen 7; = 74; + oi; with the 7;; and o,; linearly independent for 
i ~j. Hence the 7;; = 7; are linearly independent of the 7; for i # 7 and 
the p? elements of T are now all distinct and are linearly independent in §. 

Assume a relation AT = TB for A ~ 0. Theorem 33 states that A and B 
are non-singular. We have 

T’=T, AT =T’B, B'T = T'A’, T’ = ATB" = B’'T(A’)". 


Thus (B’"A)T = T(A’“B). But T is a matrix for which Theorem 57 holds 
so that A’"B = al,, B = A’awithain §. Hence 


AT =(T'A'!)a=a(AT)’, (AT)'=a(AT) =aX(AT)’, @=1, 


(230) a=+1, (AT)’ = + (AT). 
We write A = (a;;) and (229) becomes 
; . : 
(231) ps a;Tx. = + ) Oe T's Gk =1,--- » Pp). 
j=l s=1 


Since p > 1 we may take i ¥ k and the linear independence of the 7, in § 


implies that a,, = 0, A = 0. Mi = 
A matrix R = TC— is not associated with R since AR = RB is equivalent to 


AT = TC“BC, A = B=0. We have proved 
THEoreM 59. Let § = So(o), 6 = — p. Then the matrix R may be taken 


to be not associated with R if and only if p > 1. 





tf 
t 
; 
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9. A particular association of R and R. In Section 4 we found it neces- 
sary to consider Weyl matrices R such that R = YRY. We let 2? = —1, 
& = o(t), p = 2d. Consider a p-rowed non-zero skew-symmetric matrix 
o; with elements in % and an Hermitian matrix 7; of Theorem 59 so chosen that 
the matrix 


(232) 8 = (" *) a? 


101 T) 


is positive definite. This may be accomplished, as in Lemma 1 and Theorem 56, 
by taking the diagonal elements of 7; to be sufficiently large positive quantities. 
Write 


= ’ n => ; = 
I, 0 a. wily — * 


so that 
(234) VV’ = 2I,, VYV-! = n. 
Then if 71 = te + 732 we have 73) = — 73, 


1 O on 71 O T2 73° 
(235) y V=3V' V= =f 
0 nh 0 i T3 Te 


is a real symmetric matrix. But VrV— is evidently commutative with 7 so 
that Y is commutative with r. Then we put V"SV = T = 3 V’SV so that T 
is positive definite. Evidently 


0 t0; 101 0 
(236) vo V= = to, Yo = — oY, 
101 0 0 —i¢}1 


YralY, Tas+ei. 


It is also obvious that if we write \, for the distinct elements of 7 then 1, dz, 
dx As are linearly independent in §. Hence AT — TB = G + THT for A, 
B, G, H with elements in § if and only if AT = TB andG = H =0. Write 
A=A,+ Aoi, B = B, + Bei and obtain 


(237) Ayr — Ago = 7B, — cB, R Aot + Ayo = TB, 4. oB,. 


The matrix Az o — o By has elements in § and the elements of Ai r — 7B, are 
linear combinations of the \; with coefficients in §. Hence 


(238) rr Ga eo 


while similarly 


(239) Aer = TB, Aw =oB8,. 
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Then 
a a b; be 
(240) VA = a. ee he 
dz ay be by 
where @, 2, b1, be have elements in §. Hence 
QT, 27; 71D; Tribe 
(241) 3 VAirV— = = VrB,V— = . et 
Get, a7; Fibo 7b; 


By Theorem 59 we have a; = bi = (a: + aot) J, and az = by = 0. Then 
A; = a + boY = B, where a and bo are in §. The second equation of (239) 
gives (do + boY — ao + boY) o = (2Y)boo = 0. Since 2Y is non-singular we 
have bor = 0 for bo in Fo. Since o ¥ 0 we have bb = 0 and A; = B, is in Ho. 
In a similar fashion Az = Be is in §) and A = B = al, withain §. Our proof 
gives 

THEOREM 60. The matrix T defined above is a Weyl matrix with the properties 
of Theorem 58 and such that TY = YT. 

As an immediate corollary we obtain 

THEorREM 61. LetC = + C’ be a 2p-rowed non-singular matrix with elements 


in & such that 

(242) yoy =C. 

Then the matrix R = TC is a Weyl matrix of Theorem 58 with principal matrix 
C and 

(243) YR = RY. 


10. Sets of non-associated Weyl matrices. The Wey] matrices R of Theorem 
58 have elements which are algebraic over §. Let R; be chosen as in Theorem 
58 and let §; be the field obtained by extending § by the elements of R;. We 
then choose Rz as in Theorem 58 for the field ¥:. If either 


(244) AR, — R2B = G + RRs, 
or 
(245) AR, — R.B =G + R,AR, ; 


in case § = Fo(p), while A, B, G, H have elements in §, then 
A=B=G=H=0. 


For AR, RiH, B, G have elements in §: and (AR, — G) = RB + (RiA)R2. 
By Theorem 58 we have AR; = G, — B = RiH. Again by Theorem 58 we have 
A=Gz=Bz=H=0. Moreover R; satisfies Theorem 58 when R, does and 
(240) givesA = B=G=H =0. 

THEOREM 62: There exist arbitrarily many Weyl matrices R; of Theorems 58, 
59, 61 such that R; is not associated with R;, R;, Rj* fort ¥ j. 











J 


- a 
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We now apply our arguments of Sections 1 — 4 to obtain immediately 

THEOREM 63. Let D be a T-involutorial division algebra of degree n over its 
centrum R which has degree t over §. Then D is the multiplication algebra of a 
central Weyl matrix R of order p over § if and only tf p is divisible by n*t and D 
isan yebra of Theorem 27 and either 28, 29, or 30. 

When § is real and D is an algebra of the first kind with a total real galois 
splitting field then our Theorem 58 gives 

THEOREM 64. Let § be real and D be an algebra of the first kind with a total real 
galois splitting field. Then the matrix R of Theorem 63 may be taken real and not 
associated with R-. 

We finally apply Theorems 59, 60 and have 

THEOREM 65. Let § be real and D be a T-involutorial division algebra. Then 
there exist real central Weyl matrices R with D as multiplication algebra and not 
associated with R-. 

We shall pass to matrices R such that R? = + I, and hence consider 
matrices Ro. 


11. Weyl matrices Ry. Weshall construct Rpg by constructing Q. 

Suppose first that § is a real field and C’ = —C. Then we proved in Theorem 
42 that p = 2r and Ry = R, where w is a Riemann matrix of genus r over §. 
Moreover we take 


wo = (/,,T), T=T'’=r+4+0, 


where 7 and o are r-rowed symmetric matrices with elements in Ty. We take 
t = (r7;;) to be a matrix chosen as in the proof of Theorem 57 and then let 
& = &( tu, --- ,7-r), ¢ to be a matrix also chosen as in the proof of Theorem 
57 but with independence with respect to §°. The equation aw = wA is equiva- 
lent toa = Ay, + TAs, (A, a. TA2)T = A3 a TA, where Ai, Ae, As, Ag are 
r-rowed square matrices with elements in §. By the proof of Theorem 57 we 
have Az = A; = 0, Ai = A, = al, with ain §, A = al,. Thus w has only 
scalar multiplications and R,, has only scalar multiplications. 

Let aw = @A so that a = Ai + TAs, (Ai + TAs)T = As + TAs. Precisely 
as in the proof of Theorem 57 we have Az = A; = 0. But now A: and A, are 
real and Air = 7A, Aio = —oAy. As before Ai = Ay = al,, Zac = 0,a = 0, 
A =9. Hence w is not isomorphic to &, 2 is not isomorphic to Q and R, is not 
isomorphic to —R, by Theorem 43. Hence R, is a central Weyl matrix by 
Theorem 45. 


By choosing matrices w = w, we, --- , @m and hence matrices 71, 01, T2, 72) °° 5 
Tmy Om aS in our proof of Theorem 61 we may evidently make Q; not isomorphic 
to Q; or Q; fori ¥ j, i,j = 1,---,m. Each Q; is not isomorphic to Q; and has 


principal matrix 


( 0 re 
(246) , 
—f, 0 
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a canonical form for any C; = a Thus we may pass to isomorphic matrices 
Q» with arbitrary principal matrices C;. The matrices R,; are real by Theorem 
48 and are non-associated by Theorems 47, 33. This gives 

THEOREM 66. Let m and r be positive integers, C,, --- , Cm be non-singular 
skew-symmetric matrices with p = 2r rows of elements in a real field §. Then 
there exist real central Weyl matrices Ri, --- , Rn such that R; has C; as principal 
matrix, § as multiplication algebra, R; = — I,, and R; is not associated with R;, 
fori ~ jandi,j = 1,---,m. 

We next prove 

THEOREM 67. Let mand p > 2 be positive integers, § be real, and C;, --- , Cy 
be non-singular p-rowed symmetric matrices with elements in § and the same index r. 
Then the conclusions of Theorem 62 are satisfied except that R; = I,. 

It is sufficient to take C; = E,. For every symmetric matrix C; with elements 
in § has the property C; = A,E,A,; where A; has elements in a real field ¥° 
obtained from § by the adjunction of a finite number of real square roots. Then 
if Qi is a real Omega matrix over f° with only scalar multiplications and EF, 
as principal matrix the matrix 2; = 2A; has C; as principal matrix and is an 
Omega matrix over § with § as multiplication algebra. A similar argument 
reduces all other desired properties of 2; to properties of Qi. Hence we assume 


that C; = E,. 
Let 
(247) Q = (“*) ) oO, = ,, T), WwW = (—7’, —Ip-+), 
2 


where 7 has r rows and p — rcolumns. Without loss of generality we assume 
r > 1sincep > 2. Then 


ay es 0 , _ 
(248) w,E.w, = (J,, 7) ‘ aa) w, = (I,, —7) re =-—-r+ir=0, 


(249) 71 = @) ay = i. —7) (7) = I, —_ rit’, 
(250) v2 == — &E,ws = (x’, —J,_,) ( rd ) == | -_ i 4 ° 
—Lp-r 


Write = (m;;) and 

(251) AG-)@—r) 45 = Tis 5 ((=1,---,r;j=1,---,p—r), 
and choose the \, such that 

(252) 1, di, Nid, (G,j =1,---,pr—P), 


are linearly independent in §, but the \; are so small in absolute value that 
yi and 2 are positive definite. This may obviously be accomplished by 


Theorem 56. 





‘ 
’ 
} 
: 
: 
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Let A be a multiplication of 2. Then aw, = A where a is r-rowed, and we 
easily obtain 


(253) Air —_ wA4 = As — wA3r, 


where A,, --- , Ag have elements in §. As in our earlier proofs this implies that 


, ah 
(254) PD Ai; Tix ~~ } ie Tis Bex = Cij — p & Wij Ait Wer 
i,t 


j7=1 s=1 
(i = 1,---,r;k=x1,.--,p—n), 


whence Az = A; = 0. Since r > 1 we may take j ¥ 7 and have a,; = 0 for 
i Xj, am = >, Tie bx So that bx = 0 for s # k and ax = bye = a in §. 
Then A = al, as desired and © is a pure Omega matrix over § with multipli- 
cation algebra §. 

Suppose that Ro is not a central Weyl matrix. By Theorem 45 we have 
aw, = @A and hence a = (—#’A; + Ao), (—#’Ai — Ao)e = —#'As — Ay. 
As above we immediately have A; = A, = 0 and 


De aij wie + Fidje = 0 G=1,---,p—r;k=1,---,7). 

j=1 
Then Anjwje + 1 KDjk = 0 and ay = — bjx. If k ~ 7 then Wik is linearly inde- 
pendent of z;; and hence a;; = bj, = 0 for? # k. But then a;; = by. = —a; = 0 


and hence a;; = bx = 0 for all 7,7, k. Thus A = 0a contradiction. Hence 
Rg is a central Weyl matrix. 

Suppose that Q, is a new Weyl matrix of the same form as Q but with 7 
chosen so that the necessary products of its elements are linearly independent in 
the field obtained by adjoining the elements of 2 to §. Then aw; = wyA gives 
(A, + mA3)r = Ao + 7A, and it is easily seen that A = 0. Similarly Q, is 
not isomorphic to 2%. Thus Rog, and Rg are not associated. By an obvious 
induction we have Theorem 67. 

Let finally § be not real. § = Fo(e). We may take Cy = pC instead of iC 
so that Cy has elements in §. As before C) = AE,A’ where A has elements in a 
field obtained by the adjunction of a finite number of real square roots to §. 
Thus we may take Cy) = E, with no loss of generality and then take & of the form 
(247). But now we assume that = + + op, o = (oi), r = (rij) are real 
matrices, 


(255) Bi(p—r)4i = Tif, Vi(p—r)4i = Cif, 
and that h = r(p — r) 
(256) 1, Miy Miy Bs (k, s=1,---, h), 


are linearly independent in §, while 


(257) 1, VE, VEVs (k,s = 1,---,h), 








ve 


at 
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are linearly independent in J(u, --- , #,). Then the quantities \, = u. + py 
have the property that 
(258) i, Nk; Ne, AAs, AAs, Na de (k, 8 = l, cee, h), 


are linearly independent in §. As before Rg is a central Weyl matrix over ¥ 
with § as multiplication algebra while (Rg)? = i57,, Re = HQ E,Q. 
The Weyl matrix 


(259) Ro = iy 2 '£,O = Rg, or R = Rv, 


according as % = lor% = —1. We have shown that if 


(260) Q = i“ ’ 2% = io, 
Woe Wo 


then ARgA~! = Ro, if and only if Q and Q% are isomorphic by A, that is 
(261) O10 = WA, G22 = w2A. 


We have also proved that when Rg is not isomorphic to Re, but is associated 
with Rg, then Rg is isomorphic to Rav. Hence if 2 is not isomorphic to Q or Q 
the matrix Rg will not be associted with Rg. Thus it is sufficient to prove that 
either aw; = aA or aw; = weA if and only if A = 0. A trivial repetition of 
our above argument gives this result and an obvious construction of further 
matrices Qe, --- , 2m proves 

THEOREM 68. Let § = ole), 5 = —p, m and p > 2 be positive integers, 
C; = + Cj; be non-singular matrices, and assume ty = 1, i such that Cox = iC; 
is Hermitian of index r. Then there exist central Weyl matrices Ry, ---, Rm with 
principal matrices C; respectively, multiplication algebras §, Ri = ij1,, and R; 
is not associated with R ;, R;, R; fori # j; 1,7 =1, +--+, m. 

The considerations of sections 4 and 5 combined with Theorems 66, 67, 68 
prove the existence of Wey] matrices Rg with a given algebra 2 of Theorem 27 as 
multiplication algebra except when R is real and % = Q X Y%, over a real field §. 


For this case we let 
(262) C=C’, e= +1, YCY’ =C, YY = —Ip, 


where C and Y are non-singular square matrices with elements in §(7) and C is 
given while Y is at our choice. We then wish to construct a matrix R such that 
R = Rg has principal matrix C and R = Y'RY. We have also proved that 
the Hermitian matrix Co = iC may be taken to have the form 








fe, O 0 Of 
- 0 e 0 0 
(263) AQ A’ = , p = 2B + 27, 
$0 <& 8 
00 0 —# 





Per Set LS ey et 
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where ¢, and é2 are diagonal matrices of positive elements and e, has 8 rows. 
Thus we are not attempting to construct the most general Rg but merely a con- 
venient Rg in order to complete our existence theory. 

If Yo = AYA then YoYo = —I,, YoACA’Y, = ACA’ and the matrix 
R, = ARA~ has the property Yo'RoYo = Ro. Then Rp is isomorphic to R and 
we may assume that 











e O O 0 

0 e 0 0 
(264) mC = Co = ; 

0 0 -e O 

10 0 O -@e 


without loss of generality. 
Assume first that C = Co is Hermitian so that the matrix Y, given by 


n, O 0 -—I 0 —I 
(265) Y= ’ n=( ‘\, n=( ; ’ 
~*~ % * lL, 0 


is commutative with C and has the properties 
Y2= YY = -I,, YCY’ = YCY’ = YCY"'=C. 


Also the matrix 


5 





ia, 0 0 O 
0a 0 0 r 
(266) B= » G=e, G2= 6, 
0 0a O 
10 0 O —a,| 





is a diagonal matrix with elements in a finite real extension §: of § and is com- 
mutative with Y,C = BE,.B’. Then BRB- is isomorphic to R in §1, Ri = BRB 
has Ee, as principal matrix, 


Yh, Y = BY"RYB' = BRB = Ri, Y Eos Y: os Y Ex Y-! = Eo,. 


The matrix R must have the property R? = I, and obviously Rj = Jp. If RB 
as only scalar multiplications with elements in §, then R obviously has the 
same property and hence the §-algebra of R is §. 

We may thus take C = Ee, without loss of generality and write 


Rg = "E02, 
where 2 is given by (247). Then (261) gives 


(267) Q1@} = wil, ag. = weY, 








or 
~I 
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and (267) is equivalent to the single condition 
(268) mr = TM. 


We write © 


T, Te 
(269) r= P 
TW, 4 


where 7, --- , 74 each have 8 rows and y columns and (268) is equivalent to 
(270) 73 = —T2; Tr). = 71. 


We use the notation of (251) and use Lemma 2 to make (252) linearly inde- 
pendent in §(z). As in our above proof of Theorem 68 the equation (253) is 
impossible unless A; and A, are equal scalar multiples of identity matrices and 
A, and Ags are zero matrices. Thus Rg has only scalar multiplications. If 
(#’A; + Ao)m = 7’Az + Ay then A; and A, are zero matrices and 


Agr = ®’A;, # = not'ni ’ Agr = TAs, 
(271) 28 28 | 
» Qij Wik — p> Daj Wii. (i, k= 1, aces 27). 
7=1 aad 


The linear independence of (253) in §(z) implies that Az = A; = O and Reisa 
central Weyl] matrix. 
We next let C = —C’, Cy = iC, 


(272) Ro = 1 2-" FQ = ako, 
whence 
(273) rey’ = —Co, ; Y—'RoY = =~ & 


We have seen that necessarily 8 = y and —Ry = (Q°)-! FaQ” = Y-'RoY if and 
only if 


(274) aio = wiY, Q20)1 = oY. 


We may take Y? = —I,, Y’ = —Y where Y isa real matrix but C> is not in its 
canonical form (264). The reduction of Cy to its canonical form (264) may be 
accomplished by a unitary transformation A = (A’)~ and this replaces Y by 

7 = AYA“, Y,Y, = AYA“ AY-14’ = I, since Y’ = Y’ = —Y = Y, 
A'A =],, A'A =I,, AA’ =I,. Thus we may assume that the matrix Cy 
of (264) has the property YCoY’ = YC)Y-! = —Co. But then the characteristic 
determinants of the diagonal matrices ¢, and é2 are identical and Cy may be 


carried into 


é1 
ey 
(275) uty ) 
—é) 


by a unitary transformation. 





Hence we may assume that C> has the form (275). 


= 
—_- 


. | 
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We now take 


0 Leg 
(276) T ' 
—Iog 0 
and again have Y commutative with 
rb, O 0 0] 
0b 0 0 
(277) B= 
0 0 b O 
10 0 0 Bb] 








As before we may take Cy = E2, without loss of generality and we now take 
W, 
(278) Q = _ |}? we = wi! , 
We 
so that (274) are satisfied. Moreover if 7 is a non-singular skew-symmetric 
matrix whose distinct elements \; have the property that 
(279) 1, dj, Xi, AiAk; Aides 


are linearly independent in §(z) but sufficiently small in absolute value so that 
I, — rz’ is positive definite, then 


; 0 To3\ [Ins 
(280) w Hog = (I2g, 7) =r+7=0, 


/ 


Ing 0 ™ 
(281) 7 = w, Boge = Io, — rz’, 
x ’ Tog 0 1’ 
(282) Y=- @2H egw o == (x, Tog) = I, — tr’, 
0 —Isg — Ig 


and Rpg is a Weyl matrix with principal matrix C. I have proved elsewhere® 
that aw; = w,A if and only if A is a scalar matrix so that Rg has only scalar 
multiplications. If Rg were not a central Weyl matrix we would have aw; = 
2A for A not zero and thus aw; = &A for A not zero since @ = @Y. Thus 
a = A; + 7A: and Aim + rtAoriA3 + Ay. The linear independence of (279) 
implies immediately that Az = A; = 0, Ait = 2 Ay. We have chosen z so 
that its elements are linearly independent of the elements of # in the field con- 
taining the elements of A; and Ay. Hence A; = A, = 0. 

The method of proof by which we obtained Theorem 62 will now give non- 
associated matrices Ro; and the argument of Sections 4 and 5 now proves the 





68 Albert (4). 
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existence of a Weyl matrix Ro over § with D as multiplication algebra and such 
that Rg = «lp, C = eC’,e = +1. But we may obtain a more important 
further result. 

Let Ro = §(S) be the T-symmetric part of the centrum of D and let 6 = 6(S) 
in Ry have the property that 4 is total positive when C = —C’ and 6 is total nega- 
tive when C = C’. Then & has conjugate fields §(c;) and 5; = 6(c;), 


(283) —dje > 0, Vi = (—d;e)! (j =1,---,#@), 


is positive. We now construct a set of ¢ real central Weyl matrices Rj over 
d; = (oj, y;) such that Rj» has D; over §; as multiplication algebra, principal 
matrix C; and R» is not associated with Ry in §(o1, ---, 03 v1, ---, ye) for 
i# j. Wealso let R}» = el, so that if R; = y;Rj then R; is a positive mul- 
tiple of Rj° by quantity of §; and Rj = — 6;J,. Moreover R; is a real central 
Weyl matrix over §(¢;) and has D; over §(c;) as multiplication algebra. Then 
the corresponding matrix RF of (174) is a real central Weyl matrix over § with 
the property R? = —6 in &) and with D as multiplication algebra. 

Conversely let R? = —é have C as principal matrix, C = « C’. Then we 
adjoin %) and have Ri = —6,I,, Ro = J, where ; is the product of the sign 
of 6; by —1. But C} = eC; and Theorem 42 states that Ri. = el,, 5; is 
positive if C’ = —C, 6; is negative ifC’ = C. We have proved 

THEOREM 69. Let D be an algebra of Theorems 27-30 over a real field § and let 
5 in the T-symmetric sub-field Ro of the centrum of D be either total positive or total 
negative. Then there exists a real central Weyl matrix R over § with D as multipli- 
cation algebra and R? = —6. Conversely R? = —é and RhasC = €C’ as principal 
matrix only when 6 is total positive if C = —C’, 6 is total negative if C = C’. 


12. Pure real Riemann matrices with 2% = Do. Let Do be any involu- 
torial division algebra over a real field § and satisfying the conditions of Theorem 
28. Theorem 65 states that there exists a real central Weyl matrix R not 
associated with R- and such that D is the multiplication algebra of R. From 
Theorem 52 we conclude that the multiplication algebra of w = (R, iI») is Do 
equivalent to D and have proved 

THEOREM 70. There exist pure real Riemann matrices with any given division 
algebra D = Do as multiplication algebra if and only if D is an algebra of Theorems 
27-30. 


13. The first case 2% ~ Do. Consider a pure real Riemann matrix w = 
(R, iI,) over a real field § and let D be the multiplication algebra of R, Do the 
equivalent sub-algebra of the multiplication algebra % of w. Assume that RF is 
associated with R-1. By Theorem 52 we have U # Do. 

Consider the case where R is a matrix of Theorem 39. By Theorem 51 and 39 


we may choose R so that 
R? = —6 
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where 6 = 67 is in the T-symmetric part ®>) or D. Moreover 


0 I, 
(284) A= D x (1,9), r=(' *) ,g = 6. 


If C is a principal matrix of R then 


' [9 
~ ut’ 4 


is a principal m..trix of w and we have C’ = eC, C6’C— = 67 = 6, 

A 0 C 0 0 —eC 
ite ie ee ) (; ) ‘ 0 )- Mai 
and 


0 C\/A’ 0\/0 —eC" CA’C 0 A’ 0 
MPO fi te alg weil 
—eC0/\0 A’/\C* O 0 CA'C Q A’ 


The above treatment completely determines the structure of 2 and its involu- 
tion T in terms of 6 and the structure of D and its involution T. If C = C’ 
then g’ = —g so that the characteristic roots of 6 must be all negative. If 
C = —C’ then they must be all positive since then g? = g. This gives a new 
proof of the condition on 6 of Theorem 69. We have also the following restate- 
ment of Theorem 69. 

THEOREM 71. Let D over a real field § be any division algebra of Theorems 
27-30, and 6 be a total positive or total negative quantity of Ro such that the algebra 
% of (278) zs a division algebra. Then there exist pure real Riemann matrices with 
W as multiplication algebra. 


14. The second case YX ~ Do. Let w be a pure real Riemann matrix not of 
the type of sections 12, 13, and let = be the centrum of the multiplication algebra 
% of w. By Theorem 52 and the proof of Theorem 41 the algebra % contains a 
quantity wu = + u™ such that 6 = wv? is in ©. Moreover 6 = 67 is obviously 
either total positive or total negative and is an algebra of Theorems 27-30. 

Conversely let 2 be a division algebra of Theorem 27-30 and let % contain a 
quadratic extension =(u) of its centrum such that u? = 6 is a total positive or 
total negative quantity of =. Then the involution T of &% may be so chosen 
that u? = + wu. We shall only consider the case where u? = wu so that u? is 
a total positive quantity of 2. Moreover we may take C = C’.® 

The algebra D of all quantities A of {such that Au = uA is a normal division 
algebra over its centrum R = Z(u). If Au = uA then uA? = A7u and A’ is in 
®, D is T-involutorial. There exists a quantity g in % such that gu = — wg, 





69 As in Theorem 51. 
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g =yisinD. But also g’u = —wug™ and we may select g so that g7’ = + 9. 
We consider a p-rowed representation of % by matrices with elements in 3 
and let 

(288) amA, ueU, gG, 


for every a of YI. Then % has the 2p-rowed representation 


A 0 a - 
(289) ana, = , go a H=—G. 
0A —G 0 


We now prove the existence theorem. 
THEOREM 72. There exist real Riemann matrices with the above algebra 
Y= D + Dg as multiplication algebra. 


For the T-symmetric part of = is a field 2» which we may adjoin in our usual 
manner. Hence we may take 2») = §, u? = a > 0 in § without loss of generality. 
Then we let p = 27, 


aoe 3 te | 
(290) Vu = ; VoUV;' = , 
I, —a'l, 0 ‘all, 
and GU = —UG gives | 
0 Gea) ' (Ca) 0 
(291) Go => VuGV;' => ’ VuCVu: _ ° 
G(—a?) 0 ; 0 C(—a?) 


Let R; be a real central Weyl matrix over §(a!) with principal matrix C(a!) and 
D over ¥(a!) as multiplication algebra, and assume that R; is not associated 
with Rj’. Such a matrix exists by Theorem 64. 

Write G; = G(at), Gz = G(—a!) and take 


(292) R. = —G,'Ri'G, 
a matrix not associated with R; since Rz is associated with Rj’. Then 
GiG2 0 ' 
(293) Gj = = VWiGVr ,; 
0 GG 


so that GiG2 is in D over §(a') and is commutative with R,, R{'. But (292) 
implies that Rg = —G2R;'Gz' and thus 


(294) R:G,R, = —G., RoG2k, = —G, 
from which 
R, 0O 
(295) VuRV;' = , RGR = -G=H. 
0 R 
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The matrix R,; has principal matrix C; = Cy and Theorem 37 states that C, 
is also a principal matrix of R;', G2C:Gz is a principal matrix of Re. Also 
CG’'C-! = BG implies that CiG2Cz' = 8 Gi, (8BG2G2)C2 = Ge2CiGy. The quan- 
tity g = Bg" has the property that g’ is a symmetric quantity of D which is total 
positive or total negative according as 8 = lor —1. Hence §9’ is total positive, 
BG2G; is total positive and commutative with Re, C2 is a principal matrix of R». 
Then R is areal Weyl matrix over § and has D over its centrum §(u) as multipli- 
cation algebra and the property —G = RGR. 
We not let w = (R, 7I,) so that 


A 0 
fo = o( ), (A in D) , 
0 A 


0 —G 
tRG w = w P 
-—G 0 


Thus w has % as multiplication algebra and we have constructed pure real Rie- 
mann matrices of the three possible types. 


while 
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NON-RIEMANNIAN SUBSPACES 
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This paper! treats in formal fashion some general aspects of the differential 
geometry of subspaces. The setting is non-Riemannian*® except at the end 
where the Riemannian case appears as a specialization. We develop the idea 
of osculating subspace and obtain general formulas of the Frenet and Gauss- 
Codazzi type. These formulas (which will be found labeled F1, GC1, F2, etc.) 
arise in an interesting and suggestive manner from appropriate decompositions 
of our principal space into sets of independent subspaces. 


I. FouNDATIONS 


In dealing with a space in modern differential geometry one has to do with a 
system of local spaces defined over an underlying space and a displacement which 
maps neighboring local spaces on to one another.’ For example, the underlying 
space of an n-dimensional Riemannian space is a manifold of n dimensions, 
the local spaces are the n-dimensional spaces of differentials “tangent” to the 
underlying space, and the displacement is that determined by the fundamental 
metric. For our work we take an m-dimensional space V whose underlying 
space is an n-dimensional manifold X, whose local spaces are m-dimensional 
vector spaces, and whose displacement is determined by a linear connection L. 

By a vector of V we mean a vector-field defined over the underlying space X, 
the local vectors of the field being elements of the local spaces of V. By a 
subspace Vo of our principal space V we mean a space whose underlying space 
is X, whose local spaces are linear subspaces of the local spaces of V, and whose 
displacement is determined by a linear connection L*. The dimension of Vo is 
understood to be a constant mo; should our operations lead to subspaces which 
degenerate (i.e. lower their dimensions) at special points z of the underlying 
space X we confine our attention to a region of the underlying space which 
excludes these singular points. It is assumed of course that X is a regular® 
manifold and that the functions with which we deal are regular on X. 


1. Basic notation. We begin with the vector algebra in our local spaces, 
for in this algebra our notation has its roots. 





1 Developed in part while the author was a National Research Fellow. 
2 In the sense of Eisenhart, Non-Riemannian Geometry (Am. Math. Soc. Coll. Publ., 
1927). 
? See Veblen and Whitehead, The foundations of differential geometry, (Cambridge Tract, 
1932). 
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By a basis for V we mean a set {v,} of m linearly independent vectors 
V1, V2, +++ , Um, in terms of which each vector of V has a unique linear expression ; 
the coefficients in the unique expression are called the components of the vector 
with respect to the basis. Let {v.-} be a second basis for V. Then, since the 
vectors of one basis are uniquely expressible in terms of the vectors of another 
basis, we have 


Uy, = VV5r = VyV5" and V, = U,V5 = Ug 5 
where 
, , , bb? 
ve =veve = viv, = vivev, 4 


v;, are the components of the basis vector v,, with respect to the basis {v,}, and 
v?, (= the Kronecker delta 57:) are those of the same vector with respect to {v°} ; 
v?(= 6%) are the components of the basis vector v, with respect to {v,}, and v$’ 
are those with respect to {v,,}. But v%., v2., v¢, v2 have also another important 
interpretation as the last display of equations shows; they are the components 
of a mixed tensor. Abstracting indices we denote this tensor by »v. 

The discussion of the last paragraph carries over at once to a subspace Vo 
of our principal space V. We have only to add a subzero to all the indices. 
Thus {v,,}, {va} denote bases for Vo. In particular it is natural to denote the 
tensor abstracted from v;°, etc., by v9. 


Since Vo is a subspace of V we have 


a 
ay* 


Vq, = Uv 
v’, are the components of the basis vector v,, with respect to the basis {v,}. 
Using other combinations of bases from Vp and V we could get sets of com- 
ponents v3,, v3’, v¢,, Where 


v2, = vee, = ves = vg 05/009 . 

These are sets of components of a tensor which through abstraction we denote 

by uv. vo is an example of a tensor referred in part to one space (V) and in 

part to another (Vo). We shall have much to do with such “hybrid” tensors. 
The notation for other subspaces of V to be introduced (Vi, Vo, etc.) will 

be like that for Vo; the subzero will be replaced by another subindex (1, 2, etc.). 


2. Absolute differentiation. We now pass to differential geometry proper. 
We define operations of differentiation founded on the underlying space X and 
the linear connections L, L}. 





*a, b, etc. form one set of interchangeable indices; a’, b’, etc. form another set. This 
means, for example, that {va} and {x} denote the same basis. 
The summation convention is understood throughout. 
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ol 2 os . * ° . 
If z* and z* are the coérdinates of two overlapping systems in the underlying 


space X we can regard 
da* and dx® = ol dx" 
ox 





as the components of a vector, which we denote by dx, with reference to two 
bases, which we denote by 


_ {a y-f® 
{on} = 2} and {v2} = 2h. 


The space of the vectors dz is a vector space of n dimensions, which we denote 
by Vz; it is called the “tangent space” of the underlying space X.5_ Let {v,! 
be an arbitrary basis for V.. Then 





OX ye Ox 
i and — =U. (s = 1, 2). 


* = agi "8 az 


If x‘ exist so that vis = dx‘/dx'* we call {v,;} a holonomic basis, and we write {v,} 
= {dx/dxz‘}. The general basis {v;} however is non-holonomic. 
We use a comma to denote the “directional” differentiation 


0 <8 
a= (25 @) Uv; - 


If the basis {v;} is holonomic Q,; = 0Q/dz*. 
We use a semicolon to denote absolute differentiation 

Fi, = Fh HUM =~ TLLE, 
L is the linear connection of the principal space V; its components transform 
in the first two indices by the non-tensor rule 

Li, = 05 5, +09 Live. 
and in the third index by the tensor rule 
bv = Livi: . 

The non-tensor rule is equivalent to the condition 

Ver5 = Ub,6 + Livy, — ve-Le; = 0. 
It may be verified readily that 

bi = Tio - To .iMi etc., 


i.e. that 7.isatensor. This conservation of tensor character is a justification 
of the term “absolute differentiation.” 





* For a thoroughgoing abstract treatment of tangent spaces see Vanderslice, Am. Jou rnal 
of Math., 56 (1934) 153-193, in particular §3 and §9. 
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Absolute differentiation extends at once to subspaces; for example, 


bot = 255 + Lit. — T¢ Li; - 


The connection L} of the subspace V» has components which transform in accord- 
ance with the rules given above for L. 


3. Osculating subspace. The tensor %; obtained from vu by absolute differ- 
entiation determines a subspace Vox. This Vox depends on the choice of the 
linear connection L$ for Vo but the sum Vo + Vox does not. We call this sum 
the osculating subspace of Vo. 

The subspace Vox determined by the tensor vo, is the space of vectors which 
are linearly dependent on the columns of the matrix 














1 1 1 1 
Visi Vise *°* Vas Vmo;n 

2 2 2 2 
Visi Vise ++ Very Vimozn 

. . . . ? 

m m m m 
V1;1 Vi;2 ++* Very +++ Umorn ; 


where of course 


a 


a a a b a 
Voi =%b,i + Lbi% — U4, Lei ° 


Due to the tensor nature of v; it does not matter with respect to what bases 
the components in the above matrix are calculated; the subspace Vox is the 
same. We call 


Osc Vo = Vo aa Vox 


the osculating subspace of Vo. Vox is dependent on the choice of the connection 
L} for Vo but ose Vo is independent of this choice, as the above formula for v%,. ; 
shows. If osc Vo coincides with Vo we say that V» is self-parallel. 

Let Vo = Vi-+ V_. Then the tensor % is linearly expressible in terms of the 
tensors v, and v_, and v, in terms of wp: 


Vc, = 05,00, + 00_tc, and vo, = v%,tst. 
By absolute differentiation we get 
Vous = Yosctay + 0,t00:s + UG stay + Ya_ta,;; and 00,,; = Vaystay + Vater 
Therefore 
osc Vo C osc Vi + ose V_ and ose Vs C ose Vo, 
which shows that 
ose (V, + V_) = ose V, + ose V_. 


This addition theorem extends immediately to a sum of more than two subspaces. 








NON-RIEMANNIAN SUBSPACES 969 


The space osc Vp» is clearly left ee by an “affine” change of con- 
nection, . 


Ly; + 2vpw,; in place of Lf, 


(the general change preserving “‘parallelism’’—see Eisenhart, loc. cit.,? p. 30). 
Hence our osculating subspace is an affine invariant.® 


4. Induced connection. We say that L} is an induced connection if the 
subspace Vox determined by vw; has no vectors in common with Vo. We find 
that any subspace complementary to Vo within ose Vo determines & unique in- 
duced. connection L}. 

Let Vox be an arbitrary subspace which has no vectors in common with V» 
but which is such that ose Vo = Vo + Vox. Let {v,,} be a basis for Vox. Then 
the equations 


ay 


a ,¢ 
V,1=t i+ Liv, — Vo5 bi Vo 


can be solved uniquely for L5°;, L5°;. This means that Vox is the subspace de- 
termined by v,; for a unique choice of Lj. Since by hypothesis Vox is independ- 
ent of Vo this L} is an induced connection. 

We notice that the affine change 


Li; +2v;w; in place of L}; 
forces a corresponding change in an induced connection, viz. 
ube; + 205°; in place of Lj:,, 


if Vox is to remain the same. 
In what follows we use induced connections exclusively. 





6 On the other hand the subspace Vo + Vox + Vz (assuming the tangent space V, to be 
a subspace of V) is a “projective” invariant of Vo, for it is left unchanged by a “‘pro- 


jective’ change of connection, 
Li, + opw; + up? in place of Ly. 


As an illustration let our underlying space X be a curve in cartesian 4-space, let a local 
space of V be the 4-dimensional space of vectors issuing from a point on the curve, let a 
local space of Vo be the line of vectors issuing from a point on the curve and tangent to a 
ruled surface passing through the curve, let the displacement of V be that determined 
by the 4-space in which everything lies, and let the displacement of Vo be arbitrary. Then 
a local space of the osculating subspace Vo + Vox is a plane which indicates how the gen- 
erating line of the ruled surface is tending to turn about the curve; this plane is tangent 
to the ruled surface at infinity on the generating line. A local space of the projective 
osculating subspace Vo + Vos + Vz is a 3-space which contains all the tangent planes to 
the ruled surface along a generating line. If the ruled surface is developable Vo + Vos 
contains Vz and the 3-space becomes the plane of the affine osculant. 
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II. DECOMPOSITION 


This part of the paper exploits the simple but fruitful notion of a decomposi- 
tion of the principal space V into a set of mutually exclusive subspaces. Such 
a decomposition entails a corresponding decomposition of geometric objects in 
the principal space into geometric objects distributed among the subspaces. 


5. Decomposition of L. We define a decomposition of V and examine the 
attendant decomposition of L. 

Let our principal space V be decomposed into a set of independent sub- 
spaces Vo, Vi, --- , Vu, ie. 


V=W4+Vi4+---+ Ve where m = m + m +--+ + Mm. 


Associated with these subspaces we have two sets of tensors (ef. §1), {v2} and 
{v,},0 <q Sw. From the equations 


00°05, = vy2 (= 652) and Vay, = 0 (p ¥q) 


we derive a third set of tensors, {v7}. 
We decompose L by the rule 


b 
BPs = ve? (Leis, + ay) : 


For p = q this yields objects L3 which transform as linear connections. We 
accordingly adopt these L{ as the linear connections for the subspaces V, of the 
decomposition. Then the above equation becomes 


(forp=q) O=v¢%v5,,; and (forp#~q) Lyr; = v2?05_ ;;- 


The latter stamps the L?(p ¥ q) as tensors. Reversing these equations we get 


(F1) oh D0, Line 
This shows that the Li are induced connections. 

Let {va} be a special basis for V formed from the vectors of the bases {v.,} of 
the subspaces Vy, i.e. {va} = Zit}: Then 


ao 
a 


a 





|=llvs.ve,--- 06, |] and ||o3"|| = 


aw 


|| v2. 














aw 
Va 


Comparing 


, , b vs b 
Ly:, = v2 (LE;v5, + vf,.,) with Li, ae ve(L5 0s, +4. a) 
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we see they are the same term for term; i.e. 














0 ao ss ag 
boi —"” bwi 
at a1 ai 

: boi bi » Las 
Le. || = 
i|| = 

LL?" I aw ‘ aw 

boi a4: °° bwi 


The main diagonal contains the components of the induced connections L% ; 
elsewhere are the components of the tensors L?. In like fashion 


b ’ . 
V5, a re — ve Lb: = 0 (i.e. Ub 5 — 0) 


and 


a a b « 
6+ Liv, — UG pits — Dove, o?; = 0 (ie. v, i Dov, 3, = 0) 


p¥q 
are the same term for term. We may therefore describe formula (F1) as a 
decomposition of v, = 0. This important formula is a basis for formulas of 


the Frenet type. 
Let Vor = Vo+ Vi-+--- + V;,. Then V = Vor + Vira +--- + Vw is a 


decomposition of V into a set of independent subspaces which gives rise to the 
formula (ef. (F1)) 


vi = Dy 08 poe 


p>r 
If {va} = Dov—o {ag} it is readily seen that 
a ° a 
vet Live, — ge » Ler, — pp Va, Loni = 0 (i.e. Ver — = voi = 0) 
p 


ori p>r >r 
and 
a ee a a ; a _ 
et Live, — ve Lit: — 2%, o?; = 0 (ice. i | i Z%, = 0), 
p¥q pFq 


where 0 S q Sr, are the same term for term. 
q ’ 


6. Tensor decomposition. We next examine the tensor decomposition 
which accompanies the decomposition of V. The considerations are mainly 


algebraic. 
Let T be a mixed tensor of order two in V, and let 


a a a ee. . ee an — pip J[4,,> 
T5? =v0?Ts, r= bYo,» and Ty? = 0% Ths, 


These equations clearly define a decomposition of T into three sets of tensors: 


{T?}, {T,}, {T?}. In particular, if T = v the three sets are {v7}, {o.}, {or}, 
where v? = O if p ¥ g. Using the special basis {va} = > {va} we get 
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Ts? ao ag ao 


bo hii by 
a a. 1 a 
eg Oe 4 te ta 
a - a a a * . 
| 73° || = = || 7%. ee bell = 
a a 3 
T°" , m7 ee q 


























One proves the equality of these matrices by comparing 


. a 


a’. b a,b 
omoe Ty = Ty vy = 00 Tyvy 


with 


a’ a’ b 


a a a a b 
T,? == g,°T s, Ty, = an Ye, ’ and T,? = ve? T yrs, 





and taking account of the special nature of || v%, || and || v3’ || exhibited in §5. 

In contrast to the above we point out that any part of a tensor which belongs 
to a subspace may also be regarded as belonging to the principal space directly. 
For example, the ‘upper part’”’ of 7? belongs to a subspace; if we regard this : 
as belonging to V directly we write T? = T where 


T,?) = i fy 


The subindex (p) in this equation modifies the T but not the a; i.e. the super- 


script of 7;'”) refers to the basis {v,}. Of course 7 ~ T® in general, but 
T = >.,T” as may readily be verified. Similarly T = >°,7;,) = Dop 2a!) 
Differentiating the last equation displayed above we get 


T,:2' = apt oi +a pit es 


This shows that in general 7‘”) # T?. Indeed the upper part of 7”? belongs 
to V essentially as well as nominally. However, decomposing it back into the 
subspace we get 7”, for 


5 55 a ° a a 
ve T yt = T,?; (since Va VD 55 = 0). 


7. Decomposition of R. We apply the tensor decomposition of the last 
section to the Riemann curvature tensor R of the principal space V. 
By definition 


bia = (Li i, ; _ Ly ;, i) = (L¢L3; = Li; bi) 


It is not difficult to verify that R is a tensor. R decomposes into the sets of 
tensors {R?}, {R,}, {R?}. We are interested in the tensors R? where 


R;? 67 =% Ro: iY. 
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Using the special basis {v,} = >> {vag} we have (as with T in §6) 


| 
Sea Rites ++ Rite, | 
at al ai 

| Reig, =| Rees Ries Rees 











; : 
ow ow ee mg . . 
ast RY ; bat i | 


Hence 

(GC1) Ry? «5 = (Ly? s,; — L0?;,:) - Le La, — Le? Ly"), 

for the right side of this is term-for-term the same as the right side of (cf. §5) 
bg = (Lis,5 — Li5,4) — Le Li; — Le Lh). 


The formula (GC1) may accordingly be described as a decomposition of the 
formula expressing R in terms of L. It is a basis for formulas of the Gauss- 


Codazzi type. 
A particular case of (GC1) is 


ag _ p%a > aq Cy ag Cy 
Rot ii = Rye i; _ (L.2 Le’ ; _ L.* Ly!) 


r#q 


where R¢ is the Riemann curvature tensor of the subspace V,; i.e. 
D*q a aq aq cq oq c 
ky! lees (Li! | L,% j,i) “= (L.3 iL,° or L,* jLy! i) . 


Another method of proving (GC1) is to differentiate (F1) by (,7), take the 
skew-symmetric part, multiply by v¢? and sum on a. Operating with (; 7) one 
is led to the same result via the generalized Ricci identities 


a a a k k — a b a pa 
Yo osii mad Po + Ve R(AG | - Aji) = fy23%), — Vo Mel ii , 
where A denotes the linear connection of the tangent space V.z. 


8. Ordered decomposition. By ordering the decomprsition of our principal 
space V in terms of osculating subspaces we obtain a decomposition such that 


the tensors L? = 0 for p — g > 1. 
We choose the decomposition of V so that 


Vot+ Vit+ oni + Vou = Vogs1 > OSC V, 


for all g. By the addition theorem of §3 this condition is equivalent to the 
condition that Vogi1 D ose Vo, for all g. Under this ordered decomposition (F1) 
takes the form 

(F2) Vy: = po ve Ls? + W.. Bert, 


p>q 


ae 


ee feet alg S 


SS tip Se 
= *—a..2 ~ 


Breese 














j 
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since ose V, is independent of V2, Vos, --- , Vw. Hence 

Ly? ; = 05705, 3 = 0 for p—q>l1. 
Conversely we can show by retracing our steps that L? = 0 forp —q>1 
and all g implies that Voi: > ose V, forall g. In (F2) we have a close approach 


to formulas of the Frenet type. 
Under the ordered decomposition (GC1) becomes 


f r=q+l re 
Ry? i; = (Le? «i os L,? ;,:) - +g (L.? Ler; — —L, : Ly, ) p< q 
r=p— 
ie, wilt, 
re ed Re ne SS 


+1 
Ry 2%; _ Lyt%; A) L,*} 


Ry?¥ es i. q+2 Ly! “7 ow 5 q+2 Ly! lh 


qt" fq4i7 





Ry? ;; =0 p—q>2. 
In (GC2) we have a close approach to formulas of the Gauss-Codazzi type. 


By recurrence we define the g osculating subspace of an arbitrary subspace 
Vo as 
osc, Vo = ose (oseg_1 Vo) where OSCo Vo = Vo. 


If ose, Vo = V then of course ose; Vo = V for r > q; if ose, Vo is self-parallel 
(cf. §3) then ose, Vo = ose, Vo for r > g. We may assume therefore that the 
successive spaces osc, Vo are distinct for gq < w and that osc. Vo coincides with 
either V or oscy-1 Vo. We now choose Vi, V2, --- , Vw so that each V, is com- 
plementary to osc,_1 Vo within ose, Vo, i.e. V, = (os¢g—-1 Vo)* in the notation of 
§3; in particular, V,, is complementary to oscw_1 Vo within V. These subspaces 
Vo, Vi, --- , Vw form a decomposition of V of the ordered type described above. 


III. Duat ConsIpERATIONS 
Let u be a homogeneous linear function defined over the vectors of the space V, 
and let wa, Ua be the values of u at the vectors v,, va of the bases {va}, {va}. 
Then 
Ua? = U,V: « 


We recognize u as a tensor of order one with components wa, Ua’ With respect to 
the bases {v,}, {va}. The aggregate of all such functions wu is a vector space of 
m dimensions which we call the dual of V. It is customary to distinguish V 
from its dual by designating the elements of V as contravariant vectors and 
those of the dual as covariant vectors. In the following sections we consider 
both covariant and contravariant subspaces; the joint theory leads to new 
relationships. 
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9, Covariant subspaces. We first dualize the previous work to covariant 
subspaces. Once the necessary bases are established, this proceeds rapidly; 
omitted details can be supplied by analogy. 

In §1 the components v¢’ had a vector as well as a tensor significance. Keep- 
ing a fixed and leaving a’ free we had the components of a member v, of a 
(contravariant) vector basis {v.} with respect to a (contravariant) basis {v,°}. 
A vector vq’ of the basis {va} has the components v%, with respect to the (contra- 
variant) basis {v.}. Here we follow a dual procedure. Keeping a’ fixed and 
leaving a free in v°’ we get the components of a member v of a covariant basis 
{v’} with respect to a covariant basis {v7}. A vector v* of the basis {v*} has the 
components v{- with respect to the covariant basis {v*’}. The transformation 
formulas are 


a’.a 


, 
ve = v2'y and = p* = 04,0", 


A covariant vector subspace V° is a linear subspace of mo dimensions of the 
dual of V. The notation for V° is obtained from that of the dual of V by the 
addition of a subzero. Let {v%} be a basis for V°; then 


a a a 
ve=0,°0 . 


v°* are the components of the covariant basis vector v** with respect to {1*} ; also 
they are the components of a mixed tensor v°. 
Let L be the linear connection of the dual of V and let L} be the linear con- 


nection of V°. Then 


a a a bo aya ao bow 
Ves = 5s tL, — Va loi = — Loire”, 


where v°* is the fundamental tensor of the covariant subspace V°* determined by 


v’. Of course we define 


ose V9 = V® + V%, 


Let the dual of V be decomposed into a set of independent covariant sub- 
spaces: 


dualof V=V°94+ Vi4..-+V% (m= m +m +--+ + my). 


Associated with this decomposition there are two sets of tensors {v>}, {v?}. 
The equations 


verug, =0s7(= 637) and v7, =0 (pq) 
define a third set {v,}. We decompose L by the rule 
Li; ss (v2? Li; — 047:) 03, ° 
Taking the L? from these L? as linear connections for the subspaces V” we get 


(for p = q) 0= Vy: YD,, and (for p ¥ q) Li?; = — v5? vy: 
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Then, reversing these, we have 


(F 1’) 0,7; = —>_, L$», v3¢. 
qa*p . 
The tensor decomposition which accompanies the decomposition of the dual 
of V is completely analogous to that introduced in §6. In particular, the decom- 
position of R leads to the formulas of §7. 


If the decomposition of the dual of V is ordered so that 
veo+ Vie... + Vor! = Vt! D osc V? 
for all p, we find that 
(F2’) ve? = —y, Lir,vpe — Ler. opr 
a<p qd p+ 
and so, that 
Li, = = 05% 05 =0 forg—p>l. 

As a result of the latter the components of R? (q < p), R?, RO,,, Re,., and 
R? (q — p > 2) are expressible in forms similar to those displayed in (GC2). 


10. Dual subspaces. In this section we study relations between covariant 
and contravariant subspaces. 

By definition a covariant subspacc V® and a contravariant subspace V; are 
in involution if 


v4°Ua, = O. 


This necessitates that m + m S m. If m + m = m the relationship is 
unique, i.e. given V°® or V; a unique V, or V° is determined; if mo + m < m 
the relationship is not unique. Clearly the sum of two subspaces is in involu- 
tion with a third if, and only if, each of the two subspaces is in involution with 
the third. Differentiating the above equation we get 


0°05. + vn, =. 

Hence V® and Vix (cf. §3) are in involution if, and only if, V°* and V; are. 
Moreover, still assuming V° and V, in involution, we see that V° and ose V, are 
in involution if, and only if, V; and ose V® are in involution. 

By definition a covariant subspace V® and a contravariant subspace Vo are 
dual if no part of one is in involution with the other. This requires that the 
two subspaces have the same dimension and that | v2°v}, | # 0; when such is the 
case we may assume the bases {v*} {v,} so chosen that 


varus, = 855 (= 089). 


Duality between subspaces is not unique, i.e. given V° or Vo a unique dual 
subspace V» or V° is not intrinsically determined; the equation just displayed 
shows the degree of arbitrariness. 
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A pair of dual subspaces V°, V> have a unique connection determined by 
aq had b 0 u 
boi and v," (Li; Vo, + U5.) = (v° bi = v5") vp.. 


Adopting this connection these equations become 
a b 
O = 00°05 ,.6 = —UShi%,- 
Hence V° and Vo are in involution, as are V°* and Vo. This means that Vos is 
independent of Vo and that V is independent of V°. In other words our L° is 
an induced connection for both V° and Vo. Of course V°* and Vow are not in 
general dual; they may even differ in dimension. The same is true of ose V® 


and ose Vo. 
A pair of dual subspaces V°, V) jointly determine a convenient unit for tensor 


reference; thus 


a a a a a,b a b : 
Ty’ = 06°T;, Ts, = T39;,, Tse = 00°T'S %,; Ty? = 0S. Ts 


ao 


c ; a] t 4% 
Ty = 05,7 +0278, 0TH = Thy, ete. 


ao agji 


11. Dual decomposition. We decompose V and the dual of V into dual 
sets of independent subspaces. By ordering this dual decomposition in terms 
of osculating subspaces we get a decomposition of especial interest. 

Consider a dual decomposition into independent subspaces 


dual of V = V0+ Vi4...+4+ Vv 
Fie Pet Fad ++ Ve 


such that V? and V, are dual if p = q and in involution if p # q. Then 


(m = m + m + --- + My) 


vads, = U6d (= 652) and verry, = 0 pq. 


From these equations one sees that a knowledge of one part of the decomposi- 
tion, either covariant or contravariant, determines the other part. It is to be 
noticed that V7 = V9 + Vi4.-- + V2and Vo, = Vo+ Vi+--- + Ve are 


dual subspaces. 
Under this dual decomposition L decomposes by the concordant rules 
Lye; * ve? (Live, + V5 i) = (vir Li; — 0%) 0%. 


The L? are induced connections for the pairs V?, Vp. Using these we have 


a Gy bd - 
06° O35 = 0 = 0,7; v», and Lp? = 00700 35 m= ORM, ifp~q, 
from which follow 


a a b 

ve .,= > v2 Liv; and 4%; = — D>) Lir,v3". 
33 

q ere q=p ”% 


Tensor decomposition is as in §6, and so R decomposes as in §7. 





cm le ee 


+ A eg getty 


aa 


te 
wee tee 


: 
i 
iy 
oh 











x} 





978 A. W. TUCKER 


Let the decomposition of V be such that 
a) ose Vz CS Vogs1 (or ose Vog © Vogs1) for all q. 
Then for p — g > 1 the subspaces V? are in involution with ose V, and so with 


V,«. Therefore 
b?; = 0070 35 = 0 forp—-q>1. 
Let the decomposition of the dual of V be such that 
b) ose V? C Vt! (or ose V9? C Vt!) for all p. 


Then for g — p > 1 the subspaces V, are in involution with ose V? and so with 
v?*. Therefore 


p= = 057; 05, =0 forg—p>1l. 


qt 
Taken together a) and b) necessitate that 
32; =0 for lp—q|>1. 


Hence 


b 
b54,808""". 


my a a 9 q-1 “hee ap b 
(F3) Yb 0:5 = Ya Lyti + %%, L,* ‘and 04%; = —Lie_s%3- ‘— Lye 


q-1 


Also 


a 
f 644 = Rie; — (L%« 


€ q- ib 


qt1 iF [qt 
Rett) = Lyttt, — Ltt, 


q/** 


ij + Lia “ty — Lee Ae a8 si — L%s Lys +’) 


a J eoasd 





(GC3) < 
Ry 243 a se Ly t4 ag saan 
[Re2;; = 0 lp—q|>2. 


In (F3) we have formulas definitely of the Frenet type, and in (GC3) of the 
Gauss-Codazzi type. 

Starting from an arbitrary pair of dual subspaces V°, Vo a dual decomposi- 
tion satisfying a) and b) can be built up in the following recurrent fashion. 
We suppose that we have subspaces V', Vi; V?, V2; --- ; V’, V, such that V? 
and V, are dual if p = q and in involution if p ¥ g and such that ose V?-! C V 
and ose V,_; C ose Vo, (for p, gq S r); moreover we suppose that the dimensions 
mi, M2, --- , m, are the minimal ones for such a system. Let V’ = V°* and 
V. = Vors be the subspaces determined by the dual subspaces V°", Vo, and the 
unique induced connection Lj; (cf. §9) and let p = rank || v7? v?, ||. Then 
my, — pis the dimension of the part V’ of V" which is in involution with V,, and 
m, — p is the dimension of the part V; of V, with which V" is in involution. 
Let V’ be a subspace dual to V; and in involution with Vo,, and let V,, be a sub- 
space with which V’ is dual and V" is in involution. Then V*#! = V' + V? and 
Vrii1 = Vy + V, are dual with the minimal dimension m,,; = mp + m, — p 
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such that both V’*! and V™ are in involution with Vo, and V,,., respectively, 
and such that ose V" C V+! and ose Vo, © Vors:. We have thus enlarged the 
above system of subspaces by a new pair V"+!, V,,;. This process can be con- 
tinued until we get Vow = V or V— and Vou_; both self-parailel; in the latter 
case we complete the system by an arbitrary pair of dual subspaces V”, V,, which 
are in involution with Vo.1 and V-!, The dual decomposition satisfying a) 
and b), which is thus obtained, is the nearest non-Riemannian approach to the 
Riemannian notion of a subspace and its successive normal subspaces (ef. §12, 
13). The arbitrariness in the decomposition, assuming the dual pair V°, Vo 
given, occurs in the choice of the subspaces V*, V, at each step; however either 
or both of these may be vacuous. 


IV. Sprecrau Cases 


The final part of this paper deals with spaces which possess more definite 
structure than we have hitherto considered. In particular, we show the rela- 
tion of the previous work to the more familiar theory of Riemannian sub- 


spaces. 


12. Orthogonality. Let us suppose that in some way we have a one-to-one 
correspondence between the contravariant subspaces of V and the covariant 
subspaces of the dual of V, and that this correspondence is such that 

1) corresponding subspaces V®, V» are dual, 

2) if V° and V; are in involution the corresponding subspaces Vo and V' are 

in involution, and conversely, 

3) V°*, Vox correspond if V°, Vo do. 

V°*, Vox are determined by using the unique induced connection Lj associated 
with the dual pair V®, Vo (cf. §10). 

We say that one subspace (Vo or V®) is orthogonal to another (V; or V*) if the 
first is in involution with the subspace (V! or V;) corresponding to the second. 
Due to 2) this relationship is symmetric. We exhibit the situation by a table 


ye orthogonal to vy! 
dual to in involution with dual to 
Vo orthogonal to Vi 


which contains six statements: two horizontal, two diagonal, and two vertical. 
If V°, V! correspond to Vo, Vi and if one of the horizontal or diagonal state- 
ments is true then all six statements are true. When m + m = m the involu- 
tion is unique and so all four subspaces are determined if just one is given. In 
other words each subspace has a unique orthogonal complement. 

The sum of two subspaces is orthogonal to a third subspace if, and only if, 
each of the two is orthogonal to the third, for the sum of the two is in involution 
with the subspace corresponding to the third if, and only if, each of the two is 
in involution with that subspace. Hence the orthogonal complement of the 
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sum of two subspaces is the common part of the orthogonal complements of 
the two. This enables us to conclude that the subspace corresponding to the 
sum of two subspaces is the sum of the subspaces corresponding to the two. 

We say that a decomposition of V or of the dual of V is orthogonal if every 
two subspaces of the decomposition are orthogonal. The relations embodied 
in the above table show that the subspaces corresponding to those of an or- 
thogonal decomposition of V form an orthogonal decomposition of the dual of V, 
and conversely ; the two decompositions taken together form an orthogonal dual 
decomposition. 

The subspaces V°*, Vox derived from a pair of corresponding subspaces V°, 
Vo are in involution with Vo, V°, and due to 3) they correspond. Hence V°, 
V, and V! = V%*, Vi = Vox fit the above table. V" = V° + V! and Vy = 
Vo + Vi correspond. Let V? = V"* and Vz = Vox. Continuing this process 
we get a unique orthogonal dual decomposition arising from V°, Vo. The general 
terms in the decomposition are 


Vr = yore, Vinee View: 


If we encounter V" = 0 = Vo, before the decomposition is complete we write 
r = w — 1 and take the orthogonal complements of V, Vo, as the final sub- 
spaces V”, V,. We call the subspaces V2, V, of this orthogonal dual decom- 
position the g‘* normal subspaces of V°, Vo. The subspaces V%, Vo are the gt* 
osculating subspaces of V°, Vo. Formulas (F3) and (GC3) apply to this decom- 
position. 


13. Riemannian subspaces. We now assume that there is a Riemannian 
metric g associated with V and the dual of V. We show that g determines a 
correspondence of the type discussed in the preceding section. This corre- 
spondence is a part of a system of raising and lowering indices to which g 
gives rise. 

The Riemannian metric g is a symmetric non-singular tensor, or pair of 
tensors, with components 


Jab = Joas g” = g’, where gg, = 6°. 
It combines with LZ so that 
Gad: = 0, gf — 0, 


one of these being a consequence of the other. 
The equations 


a a _agb a b 
04° = Jag °°; V5, = Jaos9 » 
where 


— a,b a,b G,,,5, ab 
Ja,b, = Gare,Yb, » gers = vey”, 


a,b a 
9° "Joye, = 5°, 
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serve to determine both v;° and v}, provided either is given. This means that 
g determines a one-to-one correspondence between the contravariant subspaces 
of V and the covariant subspaces of the dual of V. This correspondence 
satisfies condition 1) of the preceding section since 


vievg, = 35° (= vf) 
is a consequence of the above equations. The correspondence also satisfies 


condition 2) for by using the equations at the beginning of this paragraph with 
subone as well as subzero we see that 


vev,, = 0 if, and only if, ove, = 0. 


At the same time we have that 


b : . C 
Jayb, = Jada,¥s, = 9 if, and only if, g°"! = vivyg” =0. 


The first of these is the condition that Vo and V, are orthogonal, and the second 


that V° and V! are orthogonal. 
We use g to raise and lower indices according to the following system: 


T 4, =Ga,b,2 0 T°” = Ten” 
T? =guT° = T,,.9°"" 
TS = G2,>,T""* = T, 9”, ete. 


In this notation 


-a a . 
v, *= 0;° and Vo, = Vs, 


as the work of the last paragraph shows. If we are to have 
Fast = htt ce’: etc., 
i.e. if the operations of raising and lowering indices by g are to commute with 


absolute differentiation, we must have 


Ja; = 9, g;; = 0; Jabyi = 9, a = 0; _ ete. 


The first two of these are true by hypothesis; the others follow from the first 
two, for 
Ja,b,;4 = Gard 2 0,:: + Jas a,: i, = 0 
since V° is in involution with Vox, and 
get * = veetg™ + vaive'g” = 0 


since Vp is in involution with V*. . Of course the connection L¢ here used is the 
unique induced connection associated with the dual subspaces V°, Vo. 
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If V°, Vo are orthogonal to V1, V; we have 


a,,,4 ao,,4 & «4 a *a 
O = (vo )ss = 90% ,55 + ass, = Lees + Ly 


a,b a b : 
— Ja,d,;% — Java Yb ,;% + Jar a,; iY, _ Lab, i rc Le ai ° 


Hence 
Ligy = — Lis, welt! Rake adage gas 
In particular, we see that the formulas 
\ v6.6 = 0, Loey = — 00, Lye 
vie, = Ligon = — Lie, oem 


differ merely by shift of indices. Therefore condition 3) of the preceding section 
is satisfied by the one-tc-nne correspondence determined by g. 

For the Riemannian situation considered here formulas (F3) can be written 
in the following form’ which definitely reveals their Frenet character: 


a b apn a 
Pt 1 
Pp L ; ae 


a pbp_i Ops 
lo55 = Japsibpy1 L; Vo 


— Ga >p—1 
(F4) ane fe 
Pb gis = Vb 94, Laasibai gferters “Ee V bq Lr gagri fe , 

These two formulas differ merely by shift of indices. They apply of course to 
an orthogonal dual decomposition such that 


osc V? C V+, ~— ose Va © Vog41 OSpqsw). 


In the present Riemannian situation one of these conditions implies the other. 
A familiar case of such a decomposition is that provided by V®, Vo and their 
successive normal subspaces (cf. end of §12). 


14. Tangent spaces. So far we have not considered the familiar (“‘holo- 
nomic”’) case in which one or more of our spaces have local spaces which are 
tangent to underlying spaces. But such a particularization makes little differ- 
ence in our work as the following considerations show. 

Suppose the tangent space V. of our underlying space X is a contravariant 
subspace of V, i.e. that the vectors of a basis {v;} for Vz are expressible in 
terms of a basis {vq}, 


a 


Vv; = 0,05 - 


Then the ideas we have developed for any contravariant subspace of V apply 
to V.. We have only to set V, = Vo in the previous work to get automatically 





"Cf. Duschek and Mayer, Lehrbuch der Differentialgeometrie II (1930); Schouten and 
van Kampen, Math. Ann. 105 (1931), 144-159; Cutler, Trans. Am. Math. Soc. 33 (1931), 
839-850. 
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for V; the theory of successive osculating subspaces, formulas of the Frenet and 


Gauss-Codazzi type, etc. 

Suppose we have another underlying space Y (of points y) which contains 
the underlying space X as a subspace, and suppose that V, etc., are functions 
of y as well as of x. Let V, be the tangent space of the underlying space Y, 
and let {ve} be a reference frame for V,. Then 


v; = 0,05 
where vf = dy*/dx'‘ if {v.} and {v,;} are both holonomic bases. Of course 
Ts, Ty et 
and so 
Ths wae Tyas 
if 
bs = Leavy and Ly; = Livy 
as we naturally assume. 


Finally, suppose V = V,. Then Vz is automatically a contravariant subspace 
of V. This is the most familiar instance of a subspace in differential geometry. 
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ON AUTOMORPHISMS OF CERTAIN RINGS 
By Jaxos LEvITZKI 
(Received March 28, 1934) 


Introduction. The purpose of the present paper is to derive some proper- 
ties of a ring (in short: I-ring) in which the chain conditions on the right ideals 
(see §1) hold concerning its automorphisms. A specia! case of this problem 
arises by the study of a normal product of two algebras A and B over a field F.! 
If A is the normal and B the supplementary factor, then A possesses a basis 
a, 42, --- , a, over F such that a;B = Ba;,i = 1,---,n. These relations define 
automorphisms of the algebra B, and it is of importance to study the behaviour 
of B under these automorphisms in order to know the structure of the normal 
product. 

First we consider in this note a finite or infinite set M of automorphisms of 
alring R. If K denotes the kernel of R (i.e. the set of all the elements which 
remain invariant under each automorphism which belongs to M), then we prove 
that the quotient-ring K/N, where N is the radical of K, is semi-simple—i.e. 
the chain condition holds. We then assume that M is a finite group and that 
na ~ 0 for a + 0, where ae Rand n is the order of the group M. In this case 
we prove that the kernel of a I ring F# is a potent ring if, and only if the ring R 
is potent. There exists a one to one correspondence between the primitive right 
ideals of K and the normal-primitive right ideals of R, i.e. the minimal potent 
right-ideals of R which remain invariant under each automorphism of R be- 
longing to M; further, the radical of the kernel is a subset of the radical of R. 
We further prove that the kernel of a semi simple ring is also a seini simple ring. 
Finally, a new proof is derived for the theorem which states that the group 
algebra of a finite group over a field F is semi simple. 

For a detailed study of the notions used in this paper, consult B. L. v. d. 
Waerden, Moderne Algebra, IU, pp. 149-172. 


I. PRELIMINARY REMARKS AND DEFINITIONS 


1, A ring R in which the “chain conditions on right ideals” are fulfilled, or 
in short: a I-ring, is a ring with the following properties: For each sequence 
A1, Ao, --- of right ideals of R, where either A; C A; fori S kor A; D Ax for 
t 2 k there exists an integer r such that A, = A: if s, ¢ =r. 

A ring R with a radical N (i.e. N is the maximal nilpotent ideal, which con- 
tains all the nilpotent right and left ideals; a subring or an ideal of a ring is 
called nilpotent if some power of it is zero) whose quotient ring R/N with re- 
spect to N is semi simple, will be called in the following a II-ring. 





1 For the definition of normal products see: J. Levitzki, On normal products of algebras, 
Annals of Mathematics, vol. 33, pp. 377-402. 
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2. We cite without proofs the following known facts: 

Each right ideal A ¥ 0 of a I ring FR has a finite length, ie. a finite set of right 
ideals Ae, --- , A, can be found such that A = A; D A2D.~-- D A, = O and 
if 1 < 7 < ) then the right ideal A;,; is a maximal right ideal which is different 
from A; and is a subset of A;; the integer \ is uniquely determined and is called 
the length of the right ideal A. 

Each potent right ideal of a II ring R contains a primitive, i.e. a minimal 
potent right ideal of R. 

Each primitive right ideal A of a II ring possesses a left hand unit e, i.e. 
eA = A,e? =e. 

Each potent right ideal A of a II ring contains a principal idempotent ele- 
ment @, i.e. there exists a representation of A as a direct sum: A = eA + B, 
where the right ideal B is contained in the radical of R.2 

If A is a right ideal of a I ring R and ae R such that aA = A, then A does 
not contain zero divisors of a, i.e. from ab = 0, be A follows b = 0.3 

If in addition a e A, then A contains an idempotent element e such that 
a=ae. From aA = A,aeA it follows namely that ae = a, where e e A; 
hence ae? = ae = a and a(e? — e) = 0, where (e? — e)e A. From the theorem 
just cited follows e? — e = 0, or e = e, q.e.d. 


3. If d; and dz are principal idempotent elements of a I ring R, then the fol- 
lowing relations hold: ded; = d; + c, did2 = dz + ce, where c; and Cc are ele- 
ments of the radical of R. This fact follows easily from the definition of prin- 
cipal idempotent elements. 


4. If di, --- ,d, are principal idenpotent elements of a I ring RF and if the 
relation na = 0 where ae R always implies a = 0, then }>?_, d; is a potent ele- 
ment. We first prove thatc = }>7?., d; is not an element of the radical N of R. 
From 3x} d; — ¢ = —d, follows namely (>=; d; — c)? = d,. On the other 


i=1 
hand (>>7=} d; — c)? = (n — 1) )oixi d; + c* where (according to 3) did, = 
dy + Cin, Ge © N and c* = c? — S022} dje—¢ Dota d; + Do taH1C x, hence c*e N 
ifceN. From }>%z} d; = —d, +, or (n — 1) Dox} d; = —(n— 1)d, + (n — 
1)c in connection with (n — 1) }ov=} di + c* = d, follows nd, = @, where 
é = c*+4 (nm — 1)c, hencet@eN. If now @ = 0, then also nd, = 0, hence in 
virtue of the assumption made, »—'d, = 0 (if \ > 1); similarly we obtain 
the contradictory result d, = 0. Hence c is not an element of N. From 
did, = dy + cy, with cy, N follows c? = ne + c where c, e N and in general: 
c’ = n’c + c,_; where ¢,_; € N for each integral vy. The theorem will be proved 
if we show that together with c also n’-'c does not lie in N. The potent right 





?For the proofs of these theorems consult G. Koethe, Die Struktur der Ringe deren 
Restklassenring nach dem Radikal vollsténdig reduzibel ist. Math. Zeitschrift Bd. 32, 
S, 161-186. 

* For the proof of this theorem see E. Artin, Zur Theorie der hyperkomplezen Zahlen, 
Abhandl. d. math. Sem. d. Universitat Hamburg, 5 (1927) p. 251-260. 
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ideal cR contains namely an idempotent element e, hence the right ideal n’-'cR 
contains the element n’-!e which is evidently a potent element (since (n’—e)# = 
n’-D+ e for each intergral «), hence n’-!c does not lie in the radical, which com- 
pletes the proof of the theorem. 


5. If n is the length of the I ring R, and if the product of m + 1 elements 
a, --- , Gn, in the given order differs from zero, then there exists a potent 
element p in R which has the form p = b; be --- bm where the b; are elements 
of the system a, - - + ,@n41. Each nilring, i.e. a ring whose elements are nil- 
potent, which is a subset of a I ring, is a nilpotent ring. 

Each subring of a I ring contains a radical.* 


6. If R is a I ring and R’ is a subring of R in which every potent right ideal 
contains an idempotent element, then the quotient ring of R’ with respect to 
its radical (which exists according to 5) is a semi simple ring. 

If, namely, A’ is a potent right ideal in R’, then we show that A’ contains a 
primitive right ideal of Rk’. Let namely e; be an idempotent element in A’, then 
ek’ f A’. If eR’ is primitive, then the statement is true. Otherwise let A} 
be a potent right ideal such that A} C eR’. Let e2 be an idempotent element in 
A}, then eR’ C e,R’; Similarly we prove either the existence of a primitive right 
ideal of R’ which is contained in A’, or we prove the existence of an infinite 
sequence of right ideals e;R’, i = 1, 2,--- in R’ such that aR’ DeR’D.--- 
ande? = e,,i1=1,2,---. FromeR’ D e4,R’ follows (e:R’, ¢:R’R) D (en R’, 
€i4ih’R); but since e R’R = e, R’ (this is a consequence of AR = QQR CG eQR’R 
and e, R’R © eR) and eR’ © eR we have (e, R’, e, R’R) = eR: hence, from 
e;R’ D e4:R’ follows e;R D eiii1R. Since e;R = e4:R implies e41¢e; = e; and 
hence ¢4:R’ D e4:e;R’ = eR’ and this inits turn contradicts ¢;,,R’ C e;R’, we 
obtain e;R D e4;,R for each integral 7. But this contradicts the assumption 
that R isa l ring. Hence the right ideal A’ of R’ contains a primitive right 
ideal of R’. The usual methods now lead easily to the proof of the theorem. 


7. Derinitions. If R is aI ring and M a finite or infinite set of automor- 
phisms of R, then each subset of R which is transformed into itself under each 
automorphism of R which lies in M, is called a normal subset of R (with respect 
to M). Normal subrings, ideals, left and right ideals are defined similarly. 
The set K of all the elements of R which are invariant under M, is called the 
kernel of R (with respect to M). The kernel is evidently a ring. 

A right ideal A of R is called normal primitive (with respect to M) if A is 
potent, and a normal subset of R, and if in A no other right ideals with the 
same property are contained except A itself. 





‘For the theorems cited in 5 compare J. Levitzki, Uber nilpotente Unterringe, Math. 
Annalen, Bd. 105, S. 620-627. 
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Notation. If a is an element of RF and y is an automorphism from M, then 
¥(a) denotes the image of a under y. 


II. On tHE KERNEL oF a I RING 


THEOREM 1. Let R be aI ring (i.e. a ring where the chain conditions on right 
ideals are fulfilled) and let M be a set of automorphisms of R. Then each potent 
right ideal A of the kernel K of R (with respect to M) contains an idempotent 
element. 

Proor. According to I, 5 the kernel K possesses a radical N. If K = 
then the theorem is obviously true. If K = N, then let a denote an element 
of the potent right ideal A of K such that a does not belong to VN. Then the 
right ideal aK of K is potent and aK € A. Further, aK is not a nilring, since, 
according to I, 5, each nilring which is a subring of a I-ring is nilpotent. There 
exists, therefore, an element b in K such that c = ab is a potent element. 
For each integral \ we then have c’ ¥ 0, and therefore oR ¥ 0. Since 
ORDe“OR D OwvR D --- and since F is a J-ring, there exists an integer n 
such that c’°R = eRifv,n = n. Putting d = c™* and A* = dR we have 
de A* (since c*c e c*R = A*) and A* = dA*. Applying the last statement 
made in I, 2 we deduce the existence of an idempotent element e such that 
d = de,ee A*. If y is an arbitrary automorphism belonging to M, then 
¥(d) = Y(d)Y(e), or (since ¥(d) = d in virtue of de K) d = dy(e); by subtrac- 
tion we obtain d[e — y(e)] = 0. The right ideal A* being normal with respect 
to M (since ¥(dR) = y¥(d))(R) = dR for each y belonging to M) it follows that 
v(e) ¢ A* and hence e — ¥(e) ¢ A*. Applying the last statement of I, 2 we obtain 
e — ¥(e) = 0 or e = ye) for each y which belongs to M, i.e. the element ¢ lies in 
K. From A* = dA* and ee A* follows the existence of an element din A* such 
that e = dd. If ¥ denotes an arbitrary automorphism of R belonging to M, 
we find in virtue of ¥(e) = e, ¥(d) = d that d[d — y(d)] = 0 and hence (by the 
last statement of I, 2) d = ¥(d), ie. de K. Consequently e e dK, and (since 
dK © A) ee A, g.e.d. 

Applying I, 6 we obtain using the result of the above theorem, the following: 

THEoREM 2. Let R bea I-ring and M a set of automorphisms of R. Then 
the kernel K of R (with respect to M) is a II-ring (see I, 1). 


III. ON tHE KerRNeEwt oF A Nivpotent I-RineG 


Lemma l. If N isa nilpotent I-ring whose exponent is m (i.e. N™ # 0, N"*’ = 0 
for v = 1) then also NX, m > d 2 1 isa I-ring. 

We prove the lemma by induction. We first show that N™ is a I-ring. If 
— A,, is a right ideal in N™, then A, is identical with the right ideal 

An = (Am, AnN) of N since A»N = 0 in virtue of A,N CG N"N = 0. Hence, 
N being a I-ring, also N is a I-ring. We assume, that it is already proved that 
N™,m —1> 2 1is aI-ring, and consider the quotient-ring N"™>"'/N™™ 
(the ring N*> is an ideal in N). If Am—-1 is a right ideal in the ring N™~", 
then Amy1 = (Am-r—-1, Am-a-1N) is a right ideal in N, and we obtain 
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Ano>aai/N™ = (Amraai/N™, AmaaiN/N™) = Anrai/N™ since 
Amn»r1N © N™ and hence AnriN/N™* = 0. Each right ideal of 
N”>—1/N> is, therefore, a quotient-right ideal of a right ideal of N with re- 
spect to N”>, which implies that the quotient-ring N"~"/N™> is a I-ring. 
But since NV" and N”—>—!/N™> are both I-rings it follows that also N™>— is 
a I-ring, which completes the proof of the lemma. 

Lemma 2. If N is a nilpotent I-ring, then N* is a normal subset (ideal) of N 
with respect to each set of automorphisms of N. 

The proof follows easily from the properties of an automorphism. 

Lemma 3. If N is a nilpotent I-ring, then the Kernel Ky of N* (with respect 
to a given set of automorphisms of N) is an ideal in the Kernel K of N. 

Since, namely, N* € N, we have Ky € K; further (A, K, KK,) | N*; on the 
other hand (K,K, KK,) € K; hence Ky is an ideal in K. 

Lemma 4. The kernel K of a nilpotent I-ring R whose exponent is 1, is a 
nilpotent I-ring. 

The proof follows from the fact that each right ideal of an arbitrary subring 
of such a ring R is also a right ideal of R. 

THEOREM 3. If N is a nilpotent I-ring and M a set of automorphisms of N, 
then also the Kernel K of N (with respect to M) is a I-ring. 

Proor. We prove the theorem by induction: If N has the exponent 1, then 
the theorem is true according to lemma 4. We now assume that the theorem 
is true for all the nilpotent I-rings whose exponent is smaller than that of N. 
We consider the nilpotent ring N/N? which is also a I-ring. Further, also the 
ring K/N? is a I-ring since K/N? is a subset of the I-ring N/N* whose exponent 
is 1 (see lemma 4). Hence, there exists a finite set of elements ki, --- , km 
in K such that each element k of K can be written in the formk = >°7_, niki + ¢ 
where the n; are integers andce N?. Sinceke K and n; k; e¢ K it follows that 
ce K. Fromce XK and ce N? we obtain c ¢ Ke, where Kz is the kernel of N®. 
According to lemma 3 we know that K2 is an ideal in K. If k? is the element 
of K/Kz which corresponds to k;, then the k* are different from each other, 
since K/Kz ~ K/N? (i.e.: K/N? is homomorphic with K/Kz). Since each k 
which lies in K has the above mentioned form k = a nk; +c, it follows 
that the rings K/K: and K/N? are even isomorphic (in short: K/Kz ~ K/N?). 
Hence (since, as mentioned above K/N? is a I-ring) K/K2 is a I-ring. Since N? 
is a I-ring (lemma 1) whose exponent is smaller than that of N, we may assume 
according to our inductional proposition that K: is alI-ring. But together with 
K/Kz and K2 also K is a I-ring, q.e.d. 


IV. Tue Ser M or tue AvtTomorpuismMs Forms A Frnite Group 


THeoreM 4. If Ris al-ring and nis the order of a finite group M = Wy, +++ , bm 
of automorphisms of R, and if na # 0 for each element a + 0 of R, then the kernel 
K° of an arbitrary normal right ideal A of R is potent if and only if A is potent. 

Proor. If A is nilpotent, then K’ is obviously nilpotent. Let now A be 
potent. Let A be a normal-primitive right ideal of R which lies in A. Such 
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a right ideal exists, since the class of the normal right ideals of R which lie in A 
is not empty (A being one of them) and since F is a I-ring. Let d be a principal 
idempotent element of A. We consider the elements d; = ¥,(d), i = 1, --- m 
where the ¥; are the elements of the group M. From the properties of an 
isomorphism it follows that also the d; are principal idempotent elements of A 
since A is normal with respect to M. The element a = *"_, d; which lies in A 
remains invariant under each automorphism from M, i.e. it lies in the kernel 
K of R, and hence also in the kernel K’ of A. On the other hand, this element 
is potent (see I, 4). Hence also K’ is potent, q.e.d. 

THEOREM 5. If the conditions of the foregoing theorem are fulfilled, then each 
normal-primitive right ideal A of R possesses a left hand unit, which belongs to 
the kernel of R. 

Proor. First note that the kernel of a right ideal is a right ideal in the kernel 
of the ring. According to theorem 4 this right ideal is potent and possesses 
in virtue of theorem 1 an idempotent element e. Since ee A we have eA GA 
and since eA is potent and normal we obtain eA = A (since A is normal- 
primitive). Hence A contains the left hand unit e which lies in the kernel of R. 

We now obtain the following correspondence between the normal-primitive 
right ideals of R and the primitive right ideals of the kernel of R. 

THEOREM 6. [If the conditions of theorem 4 are fulfilled, then: a) The kernel 
K’ of a normal-primitive right ideal A of R is a primitive right ideal of the kernel 
K of R. B) The right ideal (A’, A’R) of R which is derived from a primitive right- 
ideal A’ of K is a normal-primitive right ideal of R. 

Proor. a) The kernel K’ of A is a potent right ideal of the kernel K of R 
(see theorem 4), and since K is a II-ring (theorem 2), it follows that K’ contains 
a primitive right ideal A’. Let e’ be a left hand unit of A’, then A’ = e’K’ € K’; 
suppose e’K’ C K’,i.e. e’ were not a left hand unit of K’, then let e be a left hand 
unit of A which lies in K (theorem 5); then e e K’. If we put e* = e — e’e 
then e* ~ 0 in virtue of e’e ¥ e (otherwise e’ would be a left hand unit of K’) 
and e* = e*, e*e’ = e'e*; we obtain A = e*A + e’A, where e*A, e’A are normal 
potent right ideals, which contradicts the assumption that A is normal-primitive. 
Hence A’ = K’ i.e. K’ is a primitive right ideal of K. 8) The right ideal A = 
(A’, A’R) of R, where A’ is primitive in K has the form A = e’R, where e’ is a 
left hand unit of A’ (see theorem 2 and I, 2). Let A* be a normal-primitive 
right ideal of R which lies in A. Let e* be a left hand unit of A* which is 
contained in K (theorem 5). Suppose A* C A, then we put e’’ = e’ — e*e). 
The element e’’ lies in K and it follows as above that e’’? = e’’ ¥ 0 and e’’e* 
e*e’’ = 0; hence A’ = e*A’ + e’’A’, which contradicts the assumption that A’ 
is primitive. Hence A* = A, i.e. A is normal-primitive. 

THEOREM 7. If the conditions of theorem 4 are fulfilled, then the radical of the 
kernel K of R is a subset of the radical of R. 

Proor. Let c be an element of the radical of K. If c were not an element 
of the radical of R, then the normal right ideal cR of R would be potent and 
would possess an idempotent element d which lies in K. We put d = cb, then 
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>>"_, ¥i(d) = DO7_, ¥i(cb) where the y; are the elements of the given group of 
automorphisms of R; since >>"_, ¥i(d) = nd and (cb) = ¥.(c)¥.(b) = cy :(b) 
we obtain nd = ¢ Fis ¥;(b) = ca where a = } fe ¥i(b). Since ae K it 
follows that ca lies in the radical of K, hence, for a certain integer \ we have the 
relation (ca) = 0. But this implies (nd)* = 0 or n*d = 0 which contradicts one 
of the assump*ions of our theorem (see theorem 4). This shows the truth of our 
theorem. 

TueoreM 8. [If the ring R and its radical are both I-rings, then under the con- 
ditions of theorem 4 also the kernel of R and its radical are both I-rings. 

Proor. This theorem follows from theorems 2, 3 and 7. 

As an immediate consequence of theorem 7 follows 

TueoreM 9. If Ris a semi simple ring, then under the conditions of theorem 4 
the kernel of R is also a semi simple ring. 

Proor. If the radical of K were not zero, then also the radical of R which 
contains the radical of K (theorem 7) would differ from zero, which contradicts 
the assumption that R is semi simple. 

The results of the present paragraph were found under the assumption that 
the set M of the automorphisms of R forms a finite group and that na = 0 
implies a = 0 for each element a which lies in R (n is the order of the group M). 
The following examples show the necessity of these conditions. 

Example 1. Let R be the ring of all the two-rowed quadratic matrices in 


the field of the rational numbers. We transform R by a matrix ‘s o) where g) 
is a positive or a negative integer or zero. This transformation defines an 


automorphism of R. The set M of all the matrices of the form c a is an in- 


a b 
0 0 defines a normal 


; , : , 1 gy i gy* a b 
right-ideal of R (with respect to M), since (; * a(} ») =A. If (¢ as 


, 1 g\f/a b\ fa b\/1 w\ 
belongs to the kernel K of A, then (4 *) = * aC ) which im: 


finite group. The set A of all the matrices of the form ( 


plies for (¢ *) the necessary condition a = 0, which is also sufficient in order 


that * ') e K’; ie. the kernel K’ of A is identical with the set of all the 


matrices (? > and is therefore nilpotent, while A is potent. Hence, theorem 


4 does not hold. If now K is the kernel of R with respect to M, then (° 2 eK 


#0 T)E alo t) 


(° *) holds for each integer g,, which implies 


c=0,a=d. K is identical with the set of all the matrices of the form * ); 
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the radical of K is not zero, since the set of all the matrices of the form (? ») 


is a nilpotent right ideal of K. Hence, the theorems 7 and 9 do not hold. 
Example 2. Let R be the ring of all the quadratic two-rowed matrices in a 


field of characteristic 2. If we transform R with the two matrices (; ‘), ({ ') 


we obtain a group of automorphisms of R whose order is 2, since ({ 2» ') = 


({ ; : ') = (( ‘) on account of 1+ 1= 0. The potent right ideal A of 


all the matrices of the form (¢ : 
If K’ is the kernel of A with respect to M, then we find as in example 1 that K’ 


is as in example 1 normal with respect to M. 


consists of all the matrices of the form (? > and is therefore nilpotent. Hence, 
the theorem 4 does not hold. If K denotes the kernel of R under M, then 
(° 2 lies in K if and only if c = 0,a =d. Hence K consists of all the 


matrices of the form (5 ’) and contains, as in example 1 a radical which is not 
zero. Hence, theorems 7 and 9 do not hold. 


V. Tue Semi Simpiiciry or A Group ALGEBRA 


As an application of the foregoing paragraph we shall now derive a new 
proof for the theorem which states that the algebra of a finite group over a 
field whose characteristic does not divide the order of the group, is a semi simple 
algebra. Let R be the algebra of the finite group [T = qi, --- , gn over 
the field F. Let I be the automorphism-group of R which is induced by 
transforming the ring R with the elements g;. Each ideal A of # is transformed 
into itself (in other words: A is normal with respect to fT). The primary 
ideals (i.e. potent ideals which do not contain other potent ideals besides them- 
selves) and the normal primitive right and left ideals are identical sets. Let A 
be a primary ideal. The kernel of A is then a potent ring (theorem 4) and 
possesses an idempotent element e. Since eA € A and eA is normal, while A is 
normal-primitive, we have eA = A. Similarly Ae = A; hence e is the unit 
of A. This implies (according to known facts on algebras) that F is a direct 
sum of primary ideals with units. We have to prove now that each primary 
ideal is simple. Without losing the generality we may assume that F is an 
algebraically closed field, then A = B X C where B is a total matric algebra 
over F, and C is an algebra whose quotient algebra with respect to its radical N 
is isomorphic with F. The ideal A possesses a radical which is different from 
zero if and only if N is different from zero. Suppose N**! = 0, N* ~ 0,A > 1, 
then each element g of N* lies in the centre of C, since, F being algebraically 
closed, each element c of C has the form c = p + t, where pe F and te N; from 
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qp = pq, gt = tq (in virtue of gt, tge N* = 0) it follows that gc = cg, hence 
q lies in the centre of C. Since A = B X C, it follows that N* belongs also 
to the centre of A. If 9; is the component of g; in A (i.e. 9; = eg; where e is 
the unit of A) and if we consider an arbitrary simple algebra A* which contains 
A (such algebras over F exist), then the transformations of A* with the ele- 
ments g; define an automorphism-group I* of A* (even of A) under which 
each element of N* remains invariant, hence N* belongs to the kernel K* of A*. 
The algebra K* is semi-simple (theoren. 9), and since k*9; = g,k* for each 
k* ¢ K*, hence k*a* = a*k* for each a* which lies in A, we have in particular 
N*K* = K*N* which implies (N“K*)? = N®K* = 0. On the other hand, 
N*K* is an ideal in K*, and since K* is semi simple, each power of N*K* must 
be different from zero. This contradiction implies N = 0, ie. A is simple, 
and hence RF semi simple, q.e.d. 


New Haven, Conn. 
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